COHERENT SYSTEM

A review of some questions concerning
the need for consistency in deriving

convenient

systems of physical units.

OST AMERICAN PHYSICISTS have great zest

for the study of physical phenomena but com-
plete apathy toward the problems involved in the de-
velopment of a convenient system of units for general
use in describing the phenomena. This attitude is un-
derstandable and even defensible, since the phenomena
themselves and their interpretation are the subjects of
prime importance, whereas the units used in quantita-
tive description are of secondary importance. For ex-
ample, if some nuclear physicist, for reasons of his own,
chooses to publish his results in a table of nuclear
properties with masses expressed in long tons, cross
sections in acres, and spins in Btu-hrs, these proper-
ties are stated definitely and can be expressed without
serious difficulty in more conventional units for com-
parison with the results of other investigators; how-
ever, it is admittedly a matter of convenience for all
nuclear physicists to employ certain standard units. We
all recognize that the establishment of a convenient set
of units for general use is desirable but most of us are
so preoccupied with our own immediate research inter-
ests that we have little time or energy to devote to the
matter.

Our colleagues in electrical engineering have devoted
considerable attention to the establishment of a con-
venient system of mechanical and electromagnetic units.
The system favored by the engineers is a system firsl
proposed by Giorgi in 1901. This Giorgi or MKS sys-
tem was recommended by the International Electro-
technical Commission in 1935 and again at its 1950
meeting in Paris, where the ampere was adopted as a
fourth unit giving the MKSA system, Meantime, in
1948, the Ninth General Conference of Weights and
Measures, on the suggestion of the International Un-
ion of Pure and Applied Physics, had also recom-
mended the Giorgi system and adopted the ampere as
the fourth fundamental unit.

Further study of the subject is being made by the In-
ternational Electrotechnical Commission together with
representatives of the Commission on Symbols, Units,
and Nomenclature (SUN). The results of this study
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may be considered at the 1954 meeting of the SUN
Commission as a whole and may then be submitted to
the International Union of Pure and Applied Physics
for approval. One of the questions to be considered is
whether the MKSA units are to be employved in the
rational or nonrational form.

In order to stimulate discussion of the subject and
to elicit expressions of opinion for the guidance of the
American representatives, an article giving a brief re-
view of the subject has been suggested. As one who
uses MKSA units in an introductory text and CGS
units in journal articles, as one who from Physical Re-
view tradition uses H in journal articles where he
should use B, and as one who on occasion employs the
time-honored units jiggers and fifths for the measure-
ment of volume, the writer was regarded as eminently
qualified to prepare such a review since he obviously
has no axe to grind and can present an unbiased view
of the matter. Here goes!

“Quantities” are the quantitative phyvsical concepts
of science. A given physical quantity 4 such as length.
time, energy, electric current, efc. is the product of a
numerical value or “measure” {4} and a unit [A], the
unit being a particular reference-sample of the quantity
chosen as a standard. Thus,

A= {(4)-[A4] (1)

Quantity = Numerical Value- Unit

The unit [A] may be chosen quite arbitrarily, but it
is desirable to define units in such a way that they are
derived from a few fundamental units by equations
without numerical factors other than unity and so that
the equations between the numerical values of quan-
tities have exactly the same form as the equations be-
tween the quantities. For example, the kinetic energy
of a body is given by

E =1, MV* (2)

where E = (E}-[E], M = (M)-[M], V= {V}-[V]
and Y% is called a “definitional factor” and is dimen-
sionless. If the units of E, M, and V are defined in such
a way that

[E] = [M]-[V], (3)
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then the equation between the numerical values is
{E}) =% (M) (V)2

A system of units defined in this way is called a co-
herent system (with respect to the quantities in ques-
tion). It is constructed by defining the units of a few
fundamental quantities independently (the fundamental
units) and defining the units of all other quantities by
equations like (3) with no numerical factors other than
unity (the derived units).

It is a matter of choice as to which quantities are to
be considered as fundamental and also how many. It is
desirable to have as few fundamental quantities as pos-
sible provided no serious inconveniences are encoun-
tered; if, however, convenience can be achieved, it is
desirable to increase the number of fundamental quan-
tities beyond the minimum. In mechanics it is conven-
ient to have three fundamental quantities and in the
“absolute” systems these are lemgth, mass, and time.
The units of several physical quantities in the CGS
and in the MKS or Giorgi system are given in Table I.
It will be noted that the practical energy and power
units occur as part of the coherent Giorgi system.

In electricity and magnetism, it is possible to derive
all the electrical and magnetic units from the three
fundamental mechanical units. This has been done in
several ways. If one writes Coulomb’s Law in the form

F:Q;P' (4)
r

for empty space, a three-dimensional electrostatic sys-
tem of units is established. In this system, the charge
unit [Q,] and current unit [/,] are expressed in terms
of the mechanical units and dimensions must be at-

tributed to the permeability of empty space. The elec-

trostatic units are summarized in Table II. If one
chooses to start with the equation
2
F=—"2"1.1 (5)
r

for the mutual force for a length / of two infinitely
long parallel rectilinear conductors placed in empty
space at a distance r apart, each carrying a current /,,,
a three dimensional electromagnetic system of units is
established. In this system, the charge unit [Q,,] and
the current unit [/, ] are expressed in terms of the
mechanical units and dimensions must be attributed to
the dielectric constant of empty space. The electro-
magnetic units are summarized in Table II.

Each of the three-dimensional systems is logically
sound and internally consistent, but in each case elec-
trical and magnetic units are in general not expressible
as products of integer powers of the fundamental units.
Further, there is something rather “artificial” in taking
the dielectric constant of empty space as dimension-
less and then attributing dimensions to the permea-
bility in the electrostatic system or in making the op-
posite choice in the electromagnetic system. It is also
disturbing to some physicists to express electric charge
in two different ways; for example, [Q,] = cm?3/2.gt/2.
sec’! and [Q,,] = cm!/2-g¥/%-sec™®. One might ask fa-
cetiously whether an electron is one thing when meas-
ured in emu and quite a different thing when measured
in esu!

As mentioned earlier, it has been recommended by
various international commissions that electrical and
magnetic quantities can be handled more conveniently
by employing a “four-dimensional” system with one

TasrLe 1. Systems of Mechanical Units

Quantity Defining Relation MKS Units
Length Fundamental 1 m
Mass Fundamental 1kg
Time Fundamental 1 sec
Force F=Ma 1 newton=1m - kg - sec
Work W=FS 1 joule=1nt - m=1m*- kg - sec™®
Power P=W/t 1 watt=1 joule - sec™'=1m* + kg - sec
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2

-

=3

CGS Units
1 cm
lg
1 sec
1 dyne=1cm - g - sec?
| erg=1dyne - cm=1cm? - g - sec™?
lerg - sec!=1cm?- g - sec™d
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TasLe I1. Three-Dimensional CGS Systems of Electrical and Magnetic Units*

Quantity Definition Unit
Mechanical Units Length Fundamental Lem
Mass Fundamental lg
Time Fundamental 1 sec
Electrostatic Units Dielectric Constant ¢/  Dimensionless !
Charge (), f":O"TQ; 1 statcoul=1 dyned-cm=1cm! - g} - sec’!
€@r
Current /, I=Q/t | statamp=1 statcoul sec'=1cm! - g sec?
Pl e, .., AT 1 D
Permeability ug "—pu'-—;—'f mxlﬁ"cm 1 sect
Magnetic Flux F=BQV=8Il 1 dyne-statamp™-cm™'=1cm™1 - gh+ sec!
Density B,
Electric Intensity E, E=F/Q 1 dyne-statcoul™=1 cm™ - g} - sec™!
Electromagnetic Units  Permeability uy’ Dimensionless 1
Current /,, !-'=,..;.,'-M-f 1 abamp=1 dyne!=1cm? - g} - sec’!
r
Charge QO Q=11 1 abcoul=1 abamp-sec=1 cm? - gt

= . i o 10 . 1 5
Valactre Canits — & 2, G T — -2 =T .
Dielectric Constant &'/ g 1 abeoul*-dyne™'-cm (Z,WU)TXW cm sec”
Magnetic Flux F=Bll 1 gauss=1 dyne-abamp'-cm™'=1cm# - g} - sec”!
Density B,
Electric Intensity E,  E=F/Q 1 dyne-abcoul™=1 cm? - g} - sec™?

* The units shown here are nonrational units; the corresponding rational units can be obtained by the method described in the text. It should
also be noted that corresponding three-dimensional MKS systems could be set up.

The Gaussian system of units, which has been widely used by physicists, is a “mixed system”. In the Gaussian system the electrostatic elec-
trical units and the electromagnetic magnetic units are employed, and the speed of light appears in relationships between the two. Thus, for
the nonrational Gaussian system, Maxwell's equations assume the form

¢ Curl Ha=4xJs +%‘ Div D'y =47p,

aB.

¢ Cutl By =—=——= Div By =0

where for emply space D'y =E, and Bx =H'«

at

fundamental electrical quantity in addition to the three
fundamental mechanical quantities; current has been
chosen as the fourth fundamental quantity. The am-
pere is chosen as the fourth fundamental unit in the
MEKSA system and is defined as follows:

The ampere is the current which, flowing in each of
two parallel infinitely long rectilinear conductors of
negligible cross section, placed in empty space one
meter apart, produces between them a force of 2 % 107
newton per meter length.

In the four-dimensional MKSA system, the units of all
terms in equations corresponding to (4) and (5) have
been selected and hence these equations become

where [F]=1nt, [Q] =1 coul =1 amp-sec, [/] =1
amp, and [L] =1 m. In these equations the constants,
“9 % 10*" and “107", are physical quantities or dimen-
sional constants with dimensions chosen in such a way
as to make the equations “balance” dimensionally.
Thus, the units “nt-m?/coul®” must be associated with
“9 x 10" and “nt/amp®” must be associated with
“10-™", where 1 nt =1 kg-m/sec?.

In order to indicate that these coefficients are physi-
cal quantities, it is customary to express equation (6)
in terms of a quantity called the dielectric constant of
free space and (7) in terms of a constant called the
permeability of free space. This can be done in the fol-
lowing way:

F=0><10“Q‘r—fi” (6)* = Q10
) (u'fz
and Nonrational Form (8)
i L1,
F=2x107 -1, (7) P 21,1, i
r = g

* For brevity in the text, 107:* is replaced by 9 % 10%. The precise
value is used in Table 111

These equations serve to define ¢, the “nonrational”
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dielectric constant of empty space, and pq’, the “nonra-
tional” permeability of empty space, the numerical or
“definitional factor” being unity in each case. When
€0’ and py" as defined by (8) are employed, the “non-
rational” or “unrationalized” form of the MKSA sys-
tem results. When this form is used, Maxwell’s equa-
tions have the form:

Curl H'=41r]+a—;% Div D' =dmrp
Curl E = —%? Div B=0

where D= ¢,'E and B = y"H’ for empty space.

By writing equations (6) and (7) in a slightly dif-
ferent form by introducing a “‘definitional factor” of
1w, one oblains

0102
F=——
dregr®
Rational Form (9)
_}1_02!1}-_-‘!:#01-[!2-1

2rr

F

TAr r

where ¢, is called the “rational” dielectric constant of
empty space and p, is called the “rational” permea-
bility of empty space. When ¢, and p, as defined by
(9) are employed, the “rational” or “rationalized” form
of the MEKSA system is obtained. When rational units
are employed, Maxwell's equations assume the simpler
form:

CurlH=J+%? Div D=p
CurlE=—% Div B=0

where D = ¢E and B = puoH for empty space. It is
the rational form of the MKSA system of units that
will probably be considered for adoption in 1954,
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In addition to length, mass, time, and electric cur-
rent, two other fundamental quantities are needed. In
thermodynamics, temperature is considered as funda-
mental, The adopted temperature unit is the Celsius
degree. The Celsius scale is for practical purposes the
familiar centigrade scale. The zero on the Celsius scale
is 0.01 Celsius degree below the triple-point of water;
the degrees are equal in size to Kelvin degrees. The
triple-point of water is 273.16°K or 273.17°K; the final
value has still to be adopted by a future Conference of
Weights and Measures. In optics, it is convenient to in-
troduce luminous intensity as a fundamental quantity.
The fundamental unit is the “candela” (cd), which has
such a magnitude that the luminance of a black-body
radiator at the freezing point of platinum is 60 cd per
cm?,

Thus, under present recommendations six physical
quantities are regarded as fundamental: length, mass,
time, electric current, temperature, and luminous in-
tensity, The fundamental units are: the Meter, the
Kilogram, the Second, the Ampere, the Celsius De-
gree, and the Candela. One of the remaining questions
concerning units to be discussed at the 1954 meeting is
the adoption of the rationalized form of the MKSA
system for general use.

Comments and suggestions concerning the position
to be taken by the American delegates to the general
assembly of the International Union of Pure and Ap-
plied Physics and the American representative to the
Commission of Symbols, Units and Nomenclature will
be welcomed by the U.S.A. National Committee. Such
communications should be transmitted to Professor
J. C. Slater, Chairman USANC, Department of Phys-
ics, Massachusetts Institute of Technology, Cambridge
39, Massachusetts.

In closing, the writer should like to express the hope
that no change will be made in the time-honored and
long established units of liquid volume. A metric jigger
and a rationalized fifth might bring added confusion to
a troubled world and would at best only form parts of
a new incoherent system.

Tapre ITI. MKSA System of Electrical and Magnetic Units*

Quantity Defining Relation Units
Length Fundamental I m
Mass Fundamental 1 kg
Time Fundamental | sec
Current / Fundamental 1 amp
Charge Q Q=10 1 coulomb=1 sec - amp
it po 20404 s — v i1
Permeability uo F‘=E,—r-—r-—~-l 4rX107nt-amp?=1.25664X10"%m - kg - sec? . amp™?
Dielectric Constant F=4.%.l£_:2 m,cuui’-nt"-m"’=8.85434>(10"‘3 m™ - kg™ - sect - amp®
Magnetic Flux Density B F=BIl=BQV 1 weber-m™ =1 kg + sec? - amp™!
F '
Electric Intensity E EE—Q— I nt:coul'=1m -kg + sec™-amp™!

# A similar four-dimensional system could be set up with CGS mechanical units and a current unit,
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