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In solid-state physics, crystals are usually assumed to
be large enough that the influence of finite dimensions on
their electronic structure is negligible compared to the effects
of the periodic potential produced by the regular arrange-
ment of the ion cores. The energy of a nearly free valence-
band electron in a metal can then simply be described by its
dependence on the wave vector k = (2π/λ)e, where e is a unit
vector in the direction of propagation of the electron and λ is
its wavelength. 

When one or more dimensions of the crystal approach
interatomic distances or the electron’s wavelength, however,
the electron feels the effects of the crystal boundaries in ad-
dition to the periodic potential. The potential outside the
solid is drastically different from the one inside. The influ-
ence of the boundaries is clearest in the context of the jellium
model, in which the positive ion cores are smeared out as a
homogeneous positive background. Inside the solid, the elec-
tron energy E(k) follows a simple parabolic form. The role of
the boundaries is to severely restrict the allowed wave vec-
tors that electrons can adopt inside the crystal.

Ultrathin films, two-dimensional islands, and one-
dimensional wires can be prepared using epitaxial methods
and can exhibit what are known as quantum size effects

(QSEs) that arise from the confinement of electrons. Because
the electron in any of those structures is reflected at the bound-
aries, the total phase difference accumulated by the reflections
must be a multiple of 2π according to the Sommerfeld–Bohr
quantization rule

2kz d + Φ1 + Φ2 = 2πn.

Here, kz is the allowed wave vector component normal to the
surface, n takes on integer values, d is the crystal thickness,
and Φ1 and Φ2 are phase terms that account for wavefunction
leakage beyond the potential steps at the film boundaries. 

Researchers have known for decades that decreasing the
thickness of a metal film alters its electronic structure.1,2 In-
deed, QSEs can appear as dramatic oscillations in properties
as varied as the conductivity, surface energy, Hall effect, and
chemical reactivity. Remarkably, the reverse is also possible:
Varying the energy levels in a film offers a path to precisely
control the size and geometry of structures that grow on a
surface. Our goal in this article is to bridge the early work on
QSEs in metal films with the recent interest in the controlled
growth of nanostructures.

QSE phenomena may be divided into two groups: those
involving bound states, for which a quantum well is the usual
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Figure 1. (a) This set of finite quantum wells represents the
confinement of electrons in ultrathin metallic films whose
thicknesses vary from one to four monolayers (ML). The
squares of the electron wavefunctions in each quantum level
are plotted on top of the corresponding occupied (red) and
unoccupied (blue) states; the dashed lines for each film mark
the Fermi level EF. As the principal quantum number n
increases in each well, so does the fraction of an electron’s
wavefunction that leaks out past the boundaries. (b) In a
metal, electrons occupy nearly continuously distributed states
inside the Fermi surface, often represented as the surface of
a sphere of radius kF. In an ultrathin metal film of thickness
d, quantization of the wave vector normal to the film’s sur-
face, kz, divides the Fermi sphere into a discrete collection of
two-dimensional disks or subbands—pictured here in cross
section—each separated by Δkz = π/d for the ideal case of
an infinitely deep well. As the film thickness increases from a
single monolayer, additional subbands defined by n fall
below EF. The effect is a periodic modulation of the electron
concentration, scattering rate, and other electronic proper-
ties because new quantum states become available. The dia-
gram pictures the scattering of an electron from subband
n = 3 into n = 5 in a three-monolayer-thick film.



description, and those involving free states,
mainly those of electrons above the so-called
vacuum level—that is, having kinetic energy
greater than zero. In the latter case, the poten-
tial in the film determines the transmitted and
reflected intensities of an incident electron
wave. The optical analog is the Fabry–Perot
etalon, in which changes either in the distance
d between two reflectors or in the wave vector kz
of the incident wave produce oscillations in the
intensities of transmitted and reflected waves.
Both groups of phenomena—whether explored
using quantum-well or Fabry–Perot descrip-
tions—have been investigated since Robert
Jaklevic3 and Richard Thomas4 first observed
them more than 35 years ago.

Before discussing the QSEs, we note a few
preliminaries. First, the direction of the wave
vector of incident electrons used in Fabry–
Perot-type experiments can be controlled and
is usually restricted to the z axis, normal to the
crystal surface. In contrast, the wave vectors of
bound-state electrons within the film can point
in all directions of space. Second, the jellium
model of a crystal is generally a crude approx-
imation; the real band structure E(k) of the
crystal has to be taken into account to accu-
rately determine the quantization condition.5

Third, the thickness of a film cannot be changed
continuously but only in discrete monolayer
steps, typically 0.2–0.3 nm in height.

Bound states
In bulk, nearly free-electron metals, the Fermi
surface can be represented as the surface of a
sphere whose radius kF is determined by the
electron density ρ. The relation kF = (3π2ρ)1/3

also defines the Fermi wavelength λF = 2π/kF.
The electrons occupy quasi-continuously dis-
tributed states inside the Fermi surface. In 
a thin film, the quantization of the wave vec-
tor kz divides the Fermi sphere into discrete
subbands and causes a host of electronic properties to oscil-
late as the thickness varies over a period of half the Fermi
wavelength.2

To see how those oscillations arise, take an infinitely
deep well of width d to approximate a flat film of thickness
d. A new QSE level moves below the Fermi level with each
λF/2 increment in d, because the nodes of the electron’s wave-
function remain pinned to the boundary. More realistically,
the confining well has finite depth and the wavefunction—
or more physically, the charge—leaks out as shown schemat-
ically in figure 1a. A dipole forms at the vacuum–film inter-
face with a strength that oscillates with the separation of the
highest occupied band from the Fermi level and therefore
with d. This oscillating dipole produces accompanying oscil-
lations of the work function, electron density, and surface
energy.1,2,5

Figure 1b shows the separation of the Fermi sphere into
subbands. The energy of the electrons is the sum of two
terms, Ez + E�, that correspond to wave-vector components
normal and parallel to the surface. Were the confining well
depth infinite, the allowed values of kz would be nπ/d and the
total electron energy E = (�2/2m*)(nπ/d)2 + E�, where m* is the
effective electron mass.

QSEs are most clearly observed when n and d are small—
that is, when the separation between energy levels is large

enough to exceed their broadening due to inelastic scattering
or inhomogeneities in the film. In metals, that condition is
typically fulfilled when the film is only a few monolayers
thick, nearly perfectly flat, and highly crystalline. Modern
growth techniques such as molecular beam epitaxy make
preparing films with those characteristics routine. 

Photoelectron spectroscopy can be used to directly de-
termine the discrete energy levels of QSE states in electron-
confining nanostructures. Tai-Chang Chiang and colleagues
from the University of Illinois at Urbana-Champaign first
demonstrated the technique’s power to measure QSE ener-
gies in their 1986 study of silver films grown on a 7 × 7 re-
constructed silicon (111) surface.6 Key to their success was
having the films prepared with uniform thickness to within
a few monolayers over the area probed by the technique,
roughly 1 mm2. That uniformity can be achieved by growing
films at low temperature, monolayer by monolayer.

The number of occupied QSE states in metallic films is
typically small enough that it is easy to identify the principal
quantum number n and therefore the normal component of
the wave vector kz from the photoemission spectra. If the par-
allel component k� can also be deduced, as in angle-resolved
photoemission, researchers can reconstruct the in-plane dis-
persion of electrons E(k�) for each subband. Photoelectrons
emitted at angle θ with respect to the surface normal carry
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Figure 2. Angle-resolved photoelectron
spectroscopy measures the kinetic energy EK

and momenta of electrons emitted from the
surface of a metal film. (a) An idealized

spectrum of the kinetic energy of electrons emitted normal to the surface by
photons of energy hν. (b) Photoelectrons emitted at other angles have non-
zero parallel components of the wave vector and can reveal details about
any state within the Fermi sphere. In this spectrum of a 23-monolayer-thick
aluminum film on a silicon (111) surface, each curve corresponds to the
photoelectron energy distribution at a particular angle. The features out-
lined in yellow reveal quantum size effects associated with the direction of
momentum of the emitted electrons. The red curve is the spectrum measured
for normal emission (k� = 0). The uncolored peaks are Al surface states,
unrelated to quantum size effects. (Adapted from L. Aballe et al., Phys. Rev.
Lett. 87, 156801, 2001.)
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the parallel wave vector component k� = √2mEK/�2 sinθ,
where EK is the electron kinetic energy outside the film. The
dispersion of states that form in a 23-monolayer film of alu-
minum deposited on Si(111) provides a compelling case in
point (see figure 2).

The position and spacing of the discrete energy levels
vary with the film thickness. As pictured in figure 1a, when-
ever a subband crosses the Fermi level, the number of QSE
states occupied by electrons increases in a stepwise fashion.
The electron concentration and scattering rate thus oscillate
with a period of half the Fermi wavelength (see figure 3a).7

Those two parameters determine the electrical conductivity
and other galvanomagnetic properties such as the Hall effect.8

The increasing number of QSE states below the Fermi
level offers new channels for electron scattering in the vicin-
ity of the Fermi level and reduces the electron mean free path.
For instance, figure 1b pictures a single scattering event from
a subband with n = 3 to a subband with n = 5. The change in
k� that accompanies the scattering determines the in-plane
electrical transport. 

Experimentally, the situation can be complicated. The
film thickness varies in increments of a single monolayer d0,
and the electrical conductivity can generally be measured
only for discrete thicknesses—that is, multiples of d0. Thin
films are commonly made up of areas with different thick-
nesses. The measured conductivity is then a superposition of
different conductivities, which makes observing their QSE
oscillations difficult. 

Indeed, not until the mid-1980s could ultrathin films be
grown with sufficient quality to allow researchers to meas-
ure modulations of the electrical conductivity in situ as a
function of thickness. But making reliable and stable electri-
cal contacts to the grown film remained difficult. 

The first strong experimental confirmation of conductiv-
ity on QSEs was presented in a series of publications dating

from 1988 on ultrathin films of lead. That year, two of us
(Jałochowski and Bauer) managed to grow the films on a gold-
modified Si(111) surface at 95 K, a substrate and temperature
that assured nearly monolayer-by-monolayer growth.7 The
most pronounced electrical conductivity peaks occurred when
the Pb film reached two, four, and six monolayers, as shown
in figure 3b. According to theoretical predictions, the Fermi
level lies between quantum subbands at those thicknesses and
the electron concentration is high. The electron scattering rate
is low because away from the Fermi level there are fewer states
into which electrons can scatter. Moreover, the data make in-
tuitive sense in light of a special relation that exists between
the monolayer thickness and Fermi wavelength in Pb(111)
films: 2d0 ≅ 3λF/2. That is, three subbands cross the Fermi
energy for each two-monolayer thickness increment.

Another QSE of potential practical importance is the
stronger bonding of adsorbates and therefore a higher chem-
ical reactivity that accompanies an increased density of elec-
tron states at the Fermi level. Three years ago, for example,
Lucia Aballe and colleagues found that the oxidation rate of
a magnesium film oscillates with the occupation of new
quantized states.9 If QSE films can be grown that are stable
under reaction conditions, this effect may become important
in heterogeneous catalysis.

Free states 
The most direct manifestations of QSEs are the oscillations in
intensity of reflected or transmitted electron waves incident
on ultrathin films. Unlike the Fabry–Perot etalon, which is
symmetric at its boundaries, an ultrathin film is asymmetric:
On one side is vacuum; on the other, the solid substrate. In
1970 Thomas first observed such oscillations by transmitting
slow electrons through gold films deposited on iridium.4

Since then researchers have captured the oscillations using
grazing-angle reflection of high-energy electrons10 as well as
normal-incidence reflection of slow electrons.
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Figure 3. Electrical conductivity of a metallic ultrathin film.
(a) Modeled as an infinite quantum well, the film is predict-
ed to have an electron density that oscillates with a period
of half the Fermi wavelength λF as a function of film thick-
ness. (Adapted from ref. 7, Trivedi and Ashcroft.) (b) Exper-
imental conductivity of lead deposited on a gold-modified
silicon (111) surface, measured in situ during deposition at
95 K. Measuring the conductivity during layer-by-layer
growth reveals quantum size effects in the form of peaks at
two-monolayer intervals. The peak positions at two, four,
and six monolayers (ML) correspond to larger carrier con-
centrations and smaller scattering rates, which are expect-
ed when the highest occupied QSE subband is far from the
Fermi level. The weaker modulations at three, five, and
seven monolayers come from periodic surface roughness
variation that occurs during film growth. (Adapted from 
ref. 7, Jalochowski and Bauer.)
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In the slow-electron experiments the intensity oscillations
are best seen in atomically flat films using electron energies
below 20–30 eV, energies at which electron inelastic mean free
paths are large. Details of the oscillation patterns can reveal the
film thickness, interlayer spacing, mean potential, and inter-
face properties, in addition to the inelastic mean free path of
an electron and the band structure above the vacuum level.
In 2003, for example, Michael Altman and coworkers used
low-energy diffraction to determine oscillations in the inter-
layer spacing in a film of silver on tungsten and in the silver–
tungsten interface spacing as a function of film thickness.11

Of particular interest are QSEs in magnetic systems. The
exchange interaction splits a subband E(kz, k�) into two sepa-
rate branches, and incident electrons whose spin is parallel
to the spins of electrons in a magnetic crystal experience a
different scattering potential than electrons whose spins are
antiparallel. The different energy dispersions can be deduced
from the energy dependence of the reflectivity of spin-
polarized electrons, first observed by Danilo Pescia and
coworkers in 1991, in copper films on cobalt (100) and in
cobalt films on copper (100).12

Spin-dependent reflectivity oscillations of the kind
shown in figure 4 allow researchers to determine the ex-
change splitting of E(kz) above the vacuum level in ferro-
magnetic layers. Spin-dependent reflectivity plays a major
role in the giant magnetoresistance effect in ferromagnetic tri-
layers and superlattices, structures that have widespread use
in computer technology. In trilayers a nonmagnetic interlayer
serves as the quantum well whose thickness determines the
magnetic interaction between the outer ferromagnetic layers.13

Tuning the thickness
Our discussion so far has focused on the expectation that as
the geometric dimensions of a nanostructure change, so do
its electron energy levels. And the degree to which electron
energies vary with thickness depends on how far their wave-
functions leak out of the confining well. Seven years ago, re-
searchers realized that variations in energy levels from the
confinement of electrons in a thin film could themselves lead
to nanostructures that are stable at different thicknesses, or
heights.

Experiments on the low-temperature growth of Pb on Si
reveal the robust formation, induced by QSEs, of Pb islands
whose heights reach some uniform, preferred level. One of
us (Tringides) and colleagues at Iowa State University used
high-resolution low-energy diffraction and scanning tunnel-
ing microscopy (STM) to study that growth. The group meas-
ured the fringes—that is, variations in the reflected electron
intensities—as a function of the normal component of mo-
mentum transfer S from incident electrons to the Pb islands.14

Based on the period of the fringes ΔSz, one can predict the is-
land height d = 2π/ΔSz. 

Figure 5 shows that uniformly flat, hexagonally shaped,
seven-monolayer islands of various diameters form on 7 × 7
Si(111) at a temperature of 180 K. Although seven monolay-
ers is the most stable Pb-island height, others can be formed,
each differing by two monolayers, by carefully controlling
the temperature and Pb coverage.14

Researchers have brought techniques besides STM and
diffraction to bear on the Pb–Si system. In 2001 Tien Tsong’s
group used scanning tunneling spectroscopy to measure the
local density of states across the surface and map out the con-
fined energy levels within about 2 eV of EF as a function of
island height.15 As expected, the energy-level spacing de-
creases as island heights increase, and the most stable island
heights are those whose highest occupied subbands are far-

thest from the Fermi level. And three years ago, Chiang and
colleagues used angle-resolved photoemission to map out
the energy levels within confining wells in Pb deposited on
the Pb-(√3 × √3) reconstruction of Si(111), a surface that
produces continuous and homogeneous films at a tempera-
ture of about 100 K.16

One can trace the dramatic role that QSEs play in con-
trolling the growth and dimensions of Pb films to the special
relation 2d0 ≅ 3λF/2 mentioned earlier. That is, bilayer incre-
ments in height add three nodes to the electron wavefunc-
tion, so the stability of islands follows the same bilayer trend.

The quantization constraint provides an energetic rea-
son for the existence of distinct stable and unstable heights
but is no help in determining the temperature and coverage
conditions required to observe them. The formation of the
nanostructures, especially that of the superstable 7-layer
islands, is the result of both minimizing the QSE energy,
defined by the discrete states occupied by the confined elec-
trons, and optimizing the kinetics. The temperature range 
in which the growth occurs, roughly between 180 and 240 K,
is high enough that atoms can quickly diffuse and form the
islands, but not so high as to exceed the temperature at which
atoms detach and islands become unstable. The difference in
positions of the discrete electron energy levels in the Pb–Si
confining wells of differing height determine the stability of
those islands. The QSE energy minima in the Pb–Si system
are on the order of several tens of meV per atom. 

Other systems are likely to require a detailed search
through different combinations of temperature and film cov-
erage to discover whether a fine balance between kinetics and
energetics exists. That can be a painstaking process, but is an
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Figure 4. Quantum size effects in magnetic systems.
The reflectivity of slow electrons from six-monolayer-
thick iron microcrystals on a tungsten surface depends
on whether the electrons are spin up (red) or spin down
(blue). The exchange interaction accounts for the differ-
ence in reflectivity at any particular energy. The reflec-
tivity oscillations of spin-down electrons have smaller
amplitudes and larger damping than those of spin-up
electrons because spin-down electrons have a shorter
inelastic mean free path. (Adapted from R. Zdyb, 
E. Bauer, Phys. Rev. Lett. 88, 166403, 2002.) 
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ultimately rewarding one when it leads
to the discovery of novel metastable
structures in nature.

The two-dimensional growth of
atomically flat silver films on gallium
arsenide, a system that normally grows
three dimensionally, is another exam-
ple of the controlling influence of ki-
netics and QSEs on growth morphol-
ogy.17 When fewer than six monolayers
of silver are deposited at low tempera-
ture and the system then heated to
room temperature, the film grows into
discrete six-monolayer islands. Empty
pits six monolayers deep form in re-
sponse and coexist with the continuous
six-monolayer film. Like Pb–Si, this
system becomes stabilized when the
silver atoms reorganize into islands of
some “magic” height whenever the
kinetics allows it.18

Outlook
For most of the past 35 years, re-
searchers have explored QSEs that ap-
pear as oscillations of quantities such
as surface energies, densities of states
at the Fermi level, and reaction rates—
quantities associated with energetics.
But quantities that are associated with
kinetics—diffusion coefficients and
step-edge barriers, for instance—also
turn out to oscillate as a function of film
thickness. Designing experiments to
explore those kinetic effects should
increase the relevance of QSEs to
catalytic reactions. The payoff may
come in the form of using surface geometry to control reac-
tion yield. 

In this article we have focused on the effects of electron
confinement in thin films, with energy levels quantized nor-
mal to the film surface. Searching for quantization effects in
other dimensions—within 2D islands along the lateral di-
rection or 1D wires at surface steps, say—may reveal the
same kind of stability modulation found in thin films. As
with thin films, the QSEs should be most pronounced and
observable as sizes approach a few lattice constants. Com-
bining QSEs with other stabilizing mechanisms such as
strain could also be useful as a way to control the location of
nanostructures.

Although the self-organization of atoms that occurs from
QSEs is an efficient process, the structures that form are
metastable and decay below room temperature because the
energy modulation due to QSEs is weak. Using surfactants
to modify the kinetic barriers and suppress height changes—
once the preferred heights are grown at low temperature—
may increase the nanostructures’ stability range. 

Over the past few decades, much of the research on QSEs
in nanostructures has been driven by intellectual curiosity.
The connection between size effects and electronic structure
in artificially prepared films is indeed intimate and fascinat-
ing. Almost certainly, researchers will continue to exploit that
connection to modify the physical properties of materials 
to fashion novel devices and investigate the intriguing con-
sequences of quantum mechanics on mesoscopic scales.
Curiosity, as much as practical need, is likely to continue
driving the research.
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Figure 5. Interference of incident electron waves from a thin film indicates that
nanostructures of nearly equal heights can self-assemble in some systems due to
quantum size effects. (a) The periodicity of fringes as a function of the normal
component of the electron momentum transfer S reveals seven-monolayer-high
islands of lead grown on top of a silicon substrate. The oscillation period is
ΔSz=(1/7)2π/d0, where d0 is the thickness of a lead monolayer. The islands
form at a temperature of 180 K, but independently of film coverage, at least
between 2.5 and 7.5 monolayers of deposited Pb. The 200 nm × 200 nm scan-
ning tunneling microscope image (b) taken after three monolayers are deposited
at 190 K and the histogram of island heights (c) confirm the prevalence of
uniform heights on top of a noncrystalline wetting layer consisting of Pb atoms.
The four- and six-layer islands eventually grow into seven-layer ones over a time
comparable to the diffraction experiments, typically a few minutes. (Adapted
from ref. 14, Hupalo et al.)
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