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Reviewed by David R. Nelson
When Paul Steinhardt and I began to
study icosahedral order in under-
cooled liquids in 1981, we were aston-
ished to find the icosahedral point
group dismissed in the well-known
group-theory text by Morton Hamer-
mesh (1964 edition) as having "no
physical interest." Hamermesh is in
good company, for the classic quan-
tum mechanics text by Lev D. Landau
and Ilya M. Lifshitz (1965 edition) also
insists that the icosahedral "groups
are of no physical interest, since they
do not occur in Nature." The preva-
lence of icosahedral atomic clusters in
undercooled liquids had in fact been
suggested by Charles Frank in 1952,
and in 1958 Frank and John Kasper
went on to explain why the icosahe-
dron was an important and natural
structural motif in complex interme-
tallic compounds. Exact icosahedral
symmetries are, moreover, clearly
possible in isolated molecules (for
example, dodecahedrane) or in clus-
ters of atoms in molecular beams.

The dogmatic views of most physi-
cists on this subject arose because
rigorous mathematical theorems ap-
peared to forbid the appearance of
icosahedral symmetry in large as-
semblies of atoms: A crystal with a
single periodically repeating icosahe-
dral unit cell is certainly impossible.
It is impossible to tile the plane using
only regular pentagons for similar
reasons. These prejudices about long-
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range icosahedral order were shat-
tered in 1984 when Dany Shechtman,
Ilan Blech, Denis Gratias and John
W. Cahn announced the discovery of a
metastable alloy of aluminum and
manganese with very sharp Bragg
diffraction peaks arranged with a
manifestly icosahedral symmetry.
Almost immediately, Dov Levine and
Steinhardt proposed that the experi-
ments could be understood in terms of
"quasiperiodic" arrangements of two
distinct unit cells closely related to
five-fold symmetric tilings of the
plane invented by Roger Penrose in
1974. These results (to some extent
anticipated in theoretical work by
Alan MacKay and by Peter Kramer
and R. Neri) led to an extraordinary
fusion of physics and materials
science, similar to what is now taking
place in high-temperature supercon-
ductivity. Physicists learned to re-
spect the careful work of materials
scientists on complex materials, while
materials scientists developed an ap-
preciation of the sophisticated theo-
retical and experimental tools avail-
able to physicists.

The book Introduction to Quasicrys-

A Penrose tiling of
the plane generated
by the appropriate
stacking of "fat" and
"skinny" rhombuses.
(Drawing from
Introduction to
Quasicrystals.)

tals, edited by Marko V. Jaric, is a
review of recent developments in this
area by leaders in the field. The six
theorists and five experimentalists
assembled here provide an excellent
introduction to the results up until
1988. For scientists and librarians
who can afford the cost of approxi-
mately 17.5 cents per page, this book
is well worth owning.

As the first two chapters make
clear, the exciting results of Shecht-
man and coworkers did not emerge
into a complete vacuum. David and
Clara Shoemaker review the icosahe-
dral coordination in the large-unit-
cell metallic alloys we now know as
Frank-Kasper phases. The Shoe-
makers played a key role in the
elucidation of these structures, which
began in the 1950s, and their article
allows readers to benefit from their 35
years of research on this subject.
Many quasicrystals (particularly the
most stable ones) are closely related
to Frank-Kasper phases.

Dense random packings of hard
spheres, now a widely accepted model
of metallic glasses and undercooled
liquids, were shown to have many
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fragments of icosahedra (for example,
Voronoi cells with five-fold faces) by
John D. Bernal in the early sixties.
The first quasicrystals were made by
the same melting-spinning process
used to produce metallic glasses—the
short-range icosahedral order in both
materials may be related. A mean-
field picture of dense random packing
based on an idealized icosahedral
crystal (consisting of atoms at the
vertices of a four-dimensional Platon-
ic solid called polytope j 3,3,5)) was
put forward by the mathematician H.
S. M. Coxeter as early as 1958. Mi-
chael Widom presents an elegant
review of the modern development of
these ideas, which occurred in the
early 1980s. He shows, in particular,
how the Frank-Kasper phases, metal-
lic glasses and quasicrystals arise
naturally from alternative methods of
flattening polytope 13,3,5] by the in-
troduction of wedge disclinations.
Widom's article (which also discusses
icosahedral order in atomic clusters)
is very clear, and I recommend it
particularly to experimentalists.

The metallurgical tour de force that
arose after the discovery of Shecht-
man and coworkers is described in a
nice article by Robert J. Schaefer and
Leonid A. Bendersky. These scien-
tists at the National Institute of
Standards and Technology (formerly
the National Bureau of Standards)
describe key discoveries about the
composition, thermodynamics and
microstructure of quasicrystals. Al-
though the article is excellent, the
authors, in my view, overemphasize
the differences between metallic
glasses and quasicrystals. Their point
that metallic glasses usually form at
eutectic points, away from the compo-
sitions of most quasicrystals, is a
parochial one, based on cooling rates
currently obtainable in the laborato-
ry. There is now excellent evidence
that liquid mixtures at compositions
conducive to formation of Frank-
Kasper phases and quasicrystals form
perfectly good metallic glasses when
cooled at the very rapid rates avail-
able in computer simulations. The
resulting glass has many icosahedral
fragments—only the range of icosahe-
dral order differs from the nearby
crystalline phases. The presence of
icosahedral fragments in the melt
would account for the astonishingly
high quasicrystal nucleation rates
described in this article. Such nuclea-
tion would not be expected near a
eutectic point, where compositional
frustration inhibits icosahedral crys-
tals, but not necessarily short-range
icosahedral order in the melt.

If one sets aside the microscopic
origins of quasicrystals, a useful phe-

nomenological understanding can be
obtained through Landau theory and
ideas borrowed from the theory of
conventional incommensurate crys-
tals. This phenomenological ap-
proach is the subject of the remaining
three articles. Per Bak and Alan
Goldman show that many basic fea-
tures of "quasicrystallography" can
be understood by postulating large
Fourier components of the density at
a "star" of reciprocal lattice vectors
pointing to, say, the vertices of an
icosahedron. The incommensurabil-
ity of these vectors leads to harmonics
that are arbitrarily close together in
reciprocal space. These authors show
that a natural indexing scheme for
reciprocal lattice peaks arises by
viewing this star as the projection of a
regular six-dimensional cubic lattice
into the three-dimensional physical
space.

The energy of a quasicrystal rela-
tive to a nearby liquid state can, in
principle, be expanded in the Fourier
components discussed above. The re-
sulting Landau theory approach to
quasicrystals is discussed in the arti-
cle by Ofer Biham, David Mukamel,
and Shmul Shtrikman. Although
minimizing various truncations of the
Landau expansion has provided an
endless source of amusement for theo-
rists, there are as yet few practical
results of this program. This is be-
cause, like most three-dimensional
solids, quasicrystals are separated
from the liquid by a sizable first-order
transition. Hundreds of terms in the
expansion must be kept to obtain
reliable results. Nevertheless, Bi-
ham, Mukawel and Shtrikman show
that the Landau approach provides
important information about the
symmetry of quasicrystalline phases.
Particularly interesting is their anal-
ysis of symmetry-breaking deforma-
tions out of the quasicrystalline state.

In the final chapter, Tom Lubensky
gives a very thorough and readable
account of the elasticity and hydro-
dynamics of quasicrystals, a subject
which is also discussed in the article
by Bak and Goldman. The incom-
mensurability of the icosahedral crys-
tals leads in principle to "phason" as
well as phonon low-energy excita-
tions. The phasons appear to be
pinned and have no known dynamical
consequences. They can be used to
model distortions in diffraction pat-
terns, however, which are then attrib-
uted to "phason strain." As Lu-
bensky points out, phason elasticity
theory is still poorly understood, and
some authors have questioned the
validity of a hydrodynamic expan-
sion. Dislocations can be defined in
both the phonon and phason vari-
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ables; It is unclear if these defects
have dynamical consequences, such
as the plastic flow mediated by dislo-
cations in small unit cell conventional
crystals. Quasicrystals are usually
quite brittle, suggesting that these
defects are immobile.

In part because most of these arti-
cles were written in 1987, there are
some important omissions. I would
have liked to see a discussion of the
efforts of Veit Elser, Christopher
Henley and others to model the micro-
scopic structure of quasicrystals.
There are important new ideas about
the entropic stabilization of quasi-
crystals, due to the many nearly
degenerate rearrangements of the
two Penrose building blocks. We are
beginning to learn how quasicrystals
grow. Experimentalists have now dis-
covered AleCuLi3, Ga2]Mg38Zn41, and
Cua,Al65Fe15, which form stable qua-
sicrystalline phases from which it is
possible to grow large single crystals.

This book inaugurates a series of
volumes on the general subject of
"Aperiodicity and Order." A future
book on the mathematics of quasicrys-
tals is already underway. High-quali-
ty reviews, similar to those in this
book, on the topics mentioned above
in a subsequent volume would be most
welcome.
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Atomic Nuclei and Their Particles by
E. J. Burge, professor emeritus of the
University of London, is a brief intro-
duction to nuclear and particle phys-
ics. Burge emphasizes the historical
development of the subject, beginning
with the discovery of radioactivity
and concluding with electroweak uni-
fication and even, briefly, string theo-
ry. Two chapters deal with accelera-
tors and particle detectors. Early
material, including Rutherford scat-
tering, is developed in fair detail.
Burge devotes less space to events of
more recent decades, such as models
of the nucleus and particle reson-
ances. The most recent develop-
ments, including heavy-quark phe-
nomena, are treated superficially.

There is need for text material that
provides an accurate overview of
20th-century physics for both under-
graduate majors and those who study
physics for only a year or two.
Burge's text, part of the Oxford Phys-
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