
The impact of special relativity
on theoretical physics
Rudely uniting absolute space and universal time into a single, changeable
'space-time,' the theory has become a fact of life, part and parcel of our view of nature;
this essay illustrates its impact by means of some early and late examples of its use.

J. David Jackson

As one of my colleagues put it, "Asking
about the impact of special relativity
on theoretical physics is like asking
about the impact of Shakespeare on the
English language." An impossibly
large, even senseless, task. Special
relativity is a fact of life, part and
parcel of the way nature is. If its
impact on everyday life is slight, its
impact on physicists' thinking is pro-
found. Space and universal, inexorable
time were rudely united into space-
time by Albert Einstein's discovery of
special relativity. Explorations of the
properties of space-time, of the covar-
iance of physical laws, and of the
physical invariants of nature, together
with quantum mechanics, led to the
formulation of relativistic quantum
field theories. The external symme-
tries of space-time were augmented by
abstract spaces for internal symme-
tries corresponding to invariant (con-
served) quantities such as isospin,
strangeness and charm. The whole
worldview of modern theoretical phys-
ics can be traced back to the fundamen-
tal postulate or idea that physical
phenomena do not change just because
you happen to be moving by, instead of
standing still, when observing them.

J. David Jackson is professor of physics at the
University of California, Berkeley. He is a
particle theorist and the author of a well-
known text on classical electromagnetism.
He has recently been working on the SSC.
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Rotations and other transformations in
internal spaces have replaced "moving
by," but the idea is the same.

The idea that the laws of nature, at
least on a scale that does not encompass
the whole universe, are independent of
translational motion of the system
under study is very old—certainly it
was part of Galileo's knowledge. In
special relativity, the idea is elevated to
be the first postulate:
• There exists a triply infinite set of
equivalent Euclidean frames of refer-
ence, moving with constant velocities
in rectilinear paths relative to one
another, in which all physical phenom-
ena occur in an identical manner.

The second postulate is the joker,
simplicity itself:
• There exists in nature a limiting,
invariant speed.
The existence of a limiting, invariant
speed is a crucial part of special relativ-
ity; it happens to be the speed of light,
but it is shared by all massless particles
and approached very closely by cosmic
rays and by ordinary particles in accel-
erators.

For many physicists at the turn of
the century special relativity was inti-
mately intertwined with electromagne-
tism and light—not surprisingly, since
swiftly moving light and slowly moving
matter seem so distinct, and since the
historical roots of relativity lay in
attempts to reconcile electromagnetic
experimental results with a mechanis-
tic ether. Einstein did not help by
using as his second postulate "light is

aways propagated in empty space with
a definite velocity c, independent of the
state of motion of the emitting body,"
or by his use of light signals to synchro-
nize his clocks, or by titling his 1905
paper "On the electrodynamics of mov-
ing bodies." That the laws of relativity
are very general was recognized by
Wolfgang Pauli1 in 1919 and by others
even earlier.

From the two postulates, plus some
reasonable assumptions about the iso-
tropy of space-time and such, flow the
consequences of special relativity, with
its demotion of time to just another
coordinate and its blurring of the dis-
tinction among before, now and after.
Although there are many seemingly
more bizarre consequences of special
relativity, it was the destruction of the
preferred position of time that made
relativity difficult for so many in the
early days and even now. All of this is
old, familiar stuff. The broad sweep
from 1905 to the present day is also a
well-trodden path.2

Einstein was apparently familiar
with the Michelson-Morley experi-
ment, published 18 years earlier, when
he wrote his paper on special relativity,
even though he does not refer to it
explicitly. (See the article by John
Stachel on page 45.) Whether Einstein
acknowledged it or not, the Michelson-
Morley experiment was a very impor-
tant component of the general milieu of
theoretical physics in 1905. It certain-
ly played a central role in the efforts of
Hendrik A. Lorentz and others to
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develop a consistent electrodynamic
theory of matter within the framework
of the Maxwell equations and an ether.
But with his 1905 paper Einstein
changed the rules of the game. In one
stroke, he made the ether meaningless,
generalized classical mechanics to rela-
tivistic speeds and comfortably en-
sconced an etherless Maxwell's theory
within his framework. Small wonder
that his peers balked for a few mo-
ments at swallowing such a large pill!

This informal essay is in the nature
of a lecture written down, with the
impact of special relativity on theoreti-
cal physics illustrated—rather superfi-
cially, I fear—by examples of its use.
Some are well known, others perhaps
less familiar. The examples are taken
largely from the first 30 years after
Einstein's discovery. In recent times,
the theory has so permeated theoreti-
cal particle physics that it is pointless
to describe its effect. Instead, I give a
few illustrations of the efficacy of
viewing a physical phenomenon in
different reference frames, thus em-
phasizing that there is no preferred
inertial frame and returning the dis-
cussion to the theme of this issue, the
Michelson-Morley experiment.

Electrons and atoms
One test of special relativity is to

verify the expressions for energy and
momentum as functions of speed for a
particle, such as the electron—recently
discovered when Einstein devised his
theory. By 1905, this test was already

Hydrogen atom.
Above is Arnold Som-
merfeld's diagram for
the orbit of an electron
in a hydrogenlike atom.
Relativistic corrections
perturb the perfect Ke-
plerian orbits of the
Bohr model, leading to
splittings between en-
ergy levels seen as
fine structure in the
spectra of hydrogenlike
ions. (From reference
4.) The graph at left
shows the fine struc-
ture of the He* spec-
trum obtained by Fritz
Paschen (from Ann.
Phys., Leipzig, 50, 901,
1916). The data are
photometer readings of
a photographed spec-
trum in the vicinity of
the 4686-A line (n = 4
- n = 3); the scan
covers 0.6 A. The tick
marks on the abscissa
are the predictions of
Sommerfeld's model,
in perfect agreement
with the data; we have
added (in color) marks
indicating the predic-
tions of Max Abra-
ham's "absolute
theory."
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under way. thanks to the electrody-
namic models of the electron of Max
Abraham. Lorentz and others. Abra-
ham's model was a rigid sphere of
charge; for a moving electron it gave
the relations

where /? is vie and Eo is the energy- of
the sphere at rest. e2i2a. Experiments
done in 1901-02 by Wilhelm Kaufmann
agreed well with Abraham's expres-
sions. By 1904, Lorentz had proposed a
model in which the electron's charge is
subject to the FitzGerald-Lorentz con-
traction. His formulas were

cp = £„'>'/?
where y is the familiar Lorentz factor of
special relativity, (1 -02)'1 2. The fac-
tors Eo and Eo' are different. Lorentz
concluded that Kaufmann's data were
as consistent with his formulas as with
Abraham's.

Meanwhile, Jules Henri Poincare,
building on Lorentz's work but remov-
ing, at least formally, certain inconsis-
tencies (electrostatic instability, for ex-
ample), arrived in 1905, and more fully
in 1906, at the expressions

E=ymc2

p = ymv
Einstein obtained the same relations,
at the same time, on purely kinematic
grounds. These are the well-tested and
familiar expressions of today.

But model builders die hard, particu-
larly if there are experimenters aiding
and abetting. Abraham was in battle
against Lorentz and Poincare. In early
1906 Kaufmann announced a new set
of measurements and declared that the
Poincare-Einstein formulas were de-
finitely ruled out by experiment. A. H.
Bucherer entered the fray with his own
model and his own observations. By
1908, Bucherer, on the basis of new
data, had abandoned his model and
accepted the standard expressions, but
the dust did not fully settle until almost
1920—with all the theorists (except
Einstein, who floated aloof above it all)
agonizing as the experimental sands
shifted around them.3 It seems that
then, as now, the scars of such battles
where reputations are on the line color
the participants' attitudes about
broader issues for all time.

A brilliant example of the full exploi-
tation of special relativity in the early
years is Arnold Sommerfeld's calcula-
tion of the fine structure of hydrogen-
like atoms in the old quantum theory.
In late 1915, W. Wilson and Sommer-
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Llewellyn Hilleth Thomas showed that a precessional effect in
special relativity produces an additional energy of interaction of the

spin of an orbiting particle. Born in London in 1903 and educated at
Cambridge, Thomas taught at Ohio State University and Columbia

University. During World War II he worked at the Aberdeen Proving
Ground in Maryland. He is now retired from North Carolina State

University. (Photo courtesy of AIP Niels Bohr library.)

feld independently generalized Niels
Bohr's quantization condition to sys-
tems with more than one degree of
freedom. The extension is expressed in
terms of generalized momenta p, and
coordinates qL:

§p,dql = 2-ntft

where n, is an integer and the integra-
tion is over a full cycle of the motion of
the t̂h degree of freedom.

Sommerfeld applied the extended
formalism to the nonrelativistic hydro-
gen atom (elliptical orbits), introducing
radial (nr) and angular ik) quantum
numbers for the two degrees of freedom
in the plane and showing that the Bohr
energy formula still applied, provided
Bohr's quantum number n is replaced
by nr + k. The presence of only the
sum of the two quantum numbers, not
nr or k separately, results in the
degeneracy (in a nonrelativistic de-
scription) of the energy levels with
respect to orbital angular momentum,
a result that is preserved in quantum
mechanics proper. Sommerfeld then
moved on to a relativistic description of
the atom. He noted that the familiar
kinetic energy p2/2m is only an approx-

imation to the special relativistic
expression

T = c\p2 + m2e2 — me2

where m is the rest mass of the particle.
The Hamiltonian for a hydrogenlike
atom then is

Ze2

H = ~ + m~c" — me

Sommerfeld saw that angular momen-
tum, suitably defined (in terms of polar
coordinates) as )7nr26, is conserved and
so is still quantized as an integral (the
quantum number k) multiple of ft-
Separation of p2 into angular and
radial parts led to

2 2 V / 2
H = e(p2

r2

Ze2

For constant energy E (the quantity
sought for), the expression

H=E
is a function of r alone and can be
solved for pr in terms of r and con-
stants. Sommerfeld then used the
quantization rule to find the energy
eigenvalues. In this way, he found the



Ze

Bremsstrahlung as seen in two reference frames, a: In the
laboratory frame, the heavy nucleus (charge Ze) is at rest while the
swift, light particle (charge e) shoots by, emitting a spray of radiation
in the forward direction, b: In the rest frame of the light particle, the
electromagnetic field of the nucleus appears as a pulse of radiation
that is scattered as dipole radiation by the light particle.

rather complicated expression4

(<*r

where a is Sommerfeld's fine structure
constant, e2/ftc, approximately V137.

The relativistic corrections for the
hydrogen atom (Z = 1) are tiny. Be-
cause a is so small, the square root in
the denominator above is nearly equal
to k. By expanding the overall square
root in powers of a2, one recovers the
Bohr formula

E = - •
2(nr + kf

But the amazing thing is that Sommer-
feld's result, with integer k and nr,
agreed to fantastic precision with Frie-
drich Paschen's careful observations of
hydrogenlike atoms such as He+ (see
the figure on page 35). Einstein and

many others were impressed. With
reduced-mass corrections included, the
equation withstood the assaults of
greater and greater precision until
1947, when Willis E. Lamb and R. C.
Retherford observed the minute split-
ting between the 2s,/2 and 2p,/2 states
in hydrogen caused by radiative correc-
tions.

Some of you knowledgeable about
quantum mechanics and spin will say,
"But fine structure is caused by spin-
orbit coupling, not just the relativistic
increase in mass! We treated those
separately in our quantum mechanics
classes." Others will say, "But Som-
merfeld got the degeneracies wrong.
His k quantum number is really j + V2
and states with the samey but different
orbital angular momenta are still de-
generate." My answer is that spin-
orbit coupling is a relativistic effect and
the fact that Sommerfeld obtained
precisely the energy formula found 12

years later with the Dirac equation,
even if the most detailed correspon-
dences are not quite right, shows that
there is a deep connection between
special relativity and the concept of
spin. I prefer to think that Sommerfeld
was somehow prescient, not just lucky.
His relativistic treatment within the
old quantum theory captured the es-
sence of the spinning electron without
knowledge of that degree of freedom!

An interesting sidelight of Sommer-
feld's work on fine structure is how he
used the experimental data and his
quantization methods in support of
Einstein's theory.4 He noted that the
relativistic kinetic energy of the elec-
tron in the various electrodynamic
models and special relativity could be
written to first order in the common
form

T= (p2/2/n)(l + 3a0z/4 • )

where a is 1 for special relativity and %
for Abraham's model, for example. He
then calculated the first-order correc-
tion to the energy levels and arrived at
the same expression as given above,
except that on the left E is multiplied
b;y a, as are both factors of a2Z2 on the
right. Evidently, the factors of a are so
positioned that in the limit of small
a2Z2 we recover the Bohr formula, but
the fine-structure spacings are propor-
tional to a. Sommerfeld then compared
the formula with the experimental
spacings and concluded that the data
conclusively rule out a value of a of %
but are in complete agreement with
a = 1. (See the figure on page 35.)
Sommerfeld felt, and I do too, that
disproof of the "absolute theory" (as he
called it) and support of special relativi-
ty by precise spectroscopic measure-
ments was a nice touch.

Waves and particles
My next examples of the impact of

special relativity on theoretical phys-
ics—really on physics—are two sides of
a coin: the particulate nature of light
(Compton effect, 1922) and the wave
nature of matter (the de Broglie hy-
pothesis, 1923). Both involved special
relativity intimately, and had profound
impact on physical thought. They can,
I suppose, be described as second-order
effects of special relativity. They are
also so well known as to require only
brief mention.

Recall that Arthur Holly Compton
reported seeing in the scattering of x
rays a secondary line at longer wave-
lengths than the incident radiation, a
line whose wavelength was a function
of angle. The explanation lies in the
conservation laws of relativistic energy
and momentum for a collision between
a massless photon (x ray) of energy E
and momentum E/c and a stationary
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electron of mass me. The scattering act
transfers some energy and momentum
to the recoiling electron. The energy
E' of the scattered photon is hence less
than the energy of the incident photon,
so its wavelength is longer. Direct
application of the formulas of special
relativity leads to the Compton relation

_ cos(?)
mec

It is striking that the Compton effect,
which firmly established the particle
nature of light quanta (objects carrying
both energy and momentum and be-
having as particles in relativistic kine-
matics), has a formula displaying the
wave nature of the electron through
fi/mec. We even call it the Compton
wavelength*.

In his PhD thesis, Louis de Broglie
argued that if a light wave has a
particulate nature that can be de-
scribed by an energy-momentum
(E/c,p), related to the frequency-wave-
vector (Wc,k) by

E = fuo

then material particles should have
associated with them waves and wave-
like behavior with the same connec-
tions. Thus he predicted that particles
of momentum p should show diffrac-
tion phenomena of wavelength 2-rrh/p, a
prediction triumphantly confirmed by
experiment in 1926. De Broglie made
his whole discussion explicitly relativ-
istic to describe light and matter waves
in the same framework. He showed
that requiring the phase advance of a
wave following a semiclassical closed
path to be an integral multiple of 2w
yielded the relativistic Wilson-Som-
merfeld quantization rules. He thus
had relativistic wave mechanics almost
within his grasp. The relevant point
for us is his exploitation of special
relativity to press the particle-wave
duality for matter as much as for light.

As an aside, I note a bit of a puzzle:
Einstein, the inventor of special rela-
tivity and of the light quantum for the
photoelectric effect, took about 10
years to admit in print that a light
quantum has directed momentum as
well as energy associated with it.5 It
seems amazing that someone who was
aware of the four-vector character of
both fo/c,k) and (E/c,p) and who had
invented a bundle of light energy with
E = fuo did not get around to accepting
p = tfk for 11 years and did not explain
the Compton effect in advance. Per-
haps it is a measure of how ingrained
the continuous wave theory of James
Clerk Maxwell was, and also of how
small a photon's momentum E/c is for
a given energy as compared with that
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of a nonrelativistic particle, whose
momentum times c is the geometric
mean of the kinetic energy and the rest
energy, (2mc2T)1/2. Only with energet-
ic photons (x rays and above) does one
easily see the transfer of momentum.

Spin and Thomas precession
My next example of how special

relativity spread in influence concerns
Llewllyn Hilleth Thomas, of the Thom-
as precession and the sector-focusing
cyclotron. The story of the alkali
doublets, the anomalous Zeeman effect
and the introduction of the spin of the
electron by George Uhlenbeck and
Samuel Goudsmit in 1925 is familiar to
all.6 But the assumed ^-factor of 2 for
the electron, necessary for the Zeeman
effect, was an embarrassment in the
fine structure, where a straightforward
calculation of the spin-orbit interac-
tion gave splittings a factor of 2 too
large. The location of the error and its
elimination to yield the correct fine
structure are due to Thomas. It is
unfortunate that most physicists are
aware only of the short letter7 Thomas
published in Nature in early 1926, if of
that. It baffled even the greats like
Pauli for a time. There is also a longer
paper8 by Thomas that is a marvel to
behold. His contribution concerning
the fine structure is sophisticated and
profound; but not only does the detailed
paper contain the Thomas precession,
it has the complete development of the
relativistically covariant equations for
the motion of a spin with any ̂ -factor in
an arbitrary external electromagnetic
field.

The effect discovered by Thomas is
purely kinematic and results from the
lack of commutativity of successive
Lorentz transformations as a particle
moves in a curved path. He showed
that the coordinate axes in the parti-
cle's rest frame precess with respect to
the laboratory axes with an angular
velocity

r + i c2

where y is the usual Lorentz factor and
a is the acceleration. For a particle of
spin s, this Thomas precession adds a
term to the potential energy equal to
stoT. For a nonrelativistic electron
moving in a central electrostatic poten-
tial energy V(r), the simple spin-orbit
energy (caused by the electric field
appearing partially as a magnetic field
in the electron's rest frame) and the
Thomas precession energy neatly com-
bine to give

L
r dr

The — 1 is from the Thomas preces-

sion. With g=2, there is a reduction
by a factor of 2, as needed by experi-
ment. One sometimes speaks of a
Thomas factor of V2, but more properly
it would be (g - Dig- The form of U
shows why a subtle and delicate conse-
quence of special relativity, the Thom-
as precession, can have a gross effect on
the energies: The Thomas precession
energy is of order 1/c2, but so is the
spin-orbit energy.

In his longer paper,8 Thomas de-
scribes spin relativistically in terms of
a second-rank antisymmetric tensor
S"e or alternatively an axial four-
vector S" that reduces to a three-vector
in the particle's rest frame. Possible
covariant equations for spin motion in
external fields are greatly restricted by
the assumptions that the equation is
linear in the spin vector and in the
electromagnetic field strengths and
that it involves the particle's four-
velocity u" and at most its first time
derivative. If the mechanical motion of
the particle is described by the Lorentz
force equation, the relativistic general-
ization of the torque equation for a spin
magnetic moment in a magnetic field is

dr me

2c2
aS,F*

Here r is the proper time, F*0 is the
electromagnetic field tensor, and sum-
mation over repeated indices is im-
plied. An equivalent equation, some-
what longer but physically more trans-
parent, can be deduced by considering
the time derivative with respect to the
laboratory time of the rest-frame spin
vector s:

At me 2 y
8-2 y

2 y +
(PB)3

For small velocities (that is, /? near 0, y
near 1), one recovers the expected
torque on a magnetic moment of
ges/2mc, but at high speeds there are
major modifications. The last term
(involving E) results from the combined
spin-orbit interaction and Thomas
precession. The first term describes
the precession of the magnetic moment
in the magnetic field. Note that if the
^-factor were exactly 2, the precession
would be precisely at the cyclotron
frequency eB/ymc. The small depar-
ture of the electron's and muon's g-
factors from 2 causes a precession more
rapid by a factor of (g - 2)y/2; this
difference has formed the basis of high-
precision measurements of g — 2 for
the electron and muon. The Thomas



Evan James Williams analyzed bremsstrahlung from the electron's
point of view, greatly clarifying the physical understanding. Williams
initially worked as an experimenter in Ernest Rutherford's lab and
then as a theorist specializing in collision phenomena. Born in Wales
in 1903 and educated at Manchester and Cambridge, Williams
taught at Manchester University, Liverpool University and University
College of Wales, in Aberystwyth. During World War II he worked on
antisubmarine warfare; he died, back at Aberystwyth, in 1945.
(Photo courtesy of Ian Callaghan, Manchester University)

equation forms the basis of the discus-
sion of spin motion in present-day high-
energy particle accelerators.9

Two comments. The first of the spin-
motion equations illustrates explicitly
an important aspect of the use of
special relativity, the covariance of
physical laws. The first postulate, in
effect, demands that physical laws be
relationships among quantities having
the same Lorentz transformation prop-
erties. The left-hand side of the spin-
motion equation is the proper-time
derivative of a four-vector and hence is
also a four-vector, because proper time
is an invariant quantity. The right-
hand side involves two four-vectors and
a second-rank four-tensor combined in
such a way as to give a four-vector. The
mere requirement of covariance or
invariance of physical laws is a power-
ful tool in delimiting the possibilities.
Often, as in this example with the
assumptions stated above, the result is
unique.

The second comment is that 32 years

after the fact, Thomas's equations were
rediscovered by a group at Princeton
who were unaware of the previous
publication.10 Thomas's paper in the
Philosophical Magazine stands as a
tour de force with one immediate appli-
cation, but which had to wait 40 years
for broader use (and see the credit go to
others).
The Dirac equation

The next example of special relativis-
tic thinking, the Dirac equation,11 is so
celebrated that it might be passed over.
Yet it is worth a brief discussion
because it shows how an idee fixe can
have brilliant consequences, even
though the driving requirement is later
found not to be really necessary. Paul
A. M. Dirac's aim in late 1927 was a
relativistic generalization of the Schro-
dinger equation,

dt
Because Dirac required the relativistic

wavefunction to be interpreted as a
probability amplitude, he rejected
equations—such as those familiar from
electromagnetism and already dis-
cussed in quantum mechanics by Oskar
Klein, Erwin Schrodinger and others—
involving second derivatives with re-
spect to time. The continuity equation
emerging from such a theory involves a
probability density (if it is interpreted
as such) that is not positive definite.
For Dirac, this was unacceptable. He
therefore returned to the structure of
the Schrodinger equation with its first-
order time derivative. He then sought
an equation that treated energy and
momentum on the same (relativistic)
footing, with the usual wave mechani-
cal equivalence, according to which
(£,cp) is replaced by (ifidldt, - icfiV).
He was led in a then mysterious, but
now familiar, way to an equation in-
volving four-component wavefunctions
and 4x4 noncommuting matrices, and
first order in space-time derivatives.
For physicists the Dirac equation is a
thing of beauty and a joy to behold.
Further, it contains a seeming miracle,
the electron spin, and with the correct
^-factor! The demand of linearity in E
and p forced the four-component wave-
function on Dirac. The added degrees
of freedom turned out to be the two
signs of the spin direction and two signs
of the energy (which led to positrons).

The Dirac equation describes quarks
and leptons of all sorts, not just elec-
trons. It contains the previously ad hoc
nonrelativistic spin of Pauli in the
appropriate limit (and with its spin-
orbit interaction correctly including
Thomas precession). Its two signs of
the energy emerged later to be the
description of particles of spin V2 and
their antiparticles. All of these from
Dirac's demand for a wave equation
first order in the time derivative and so
also first order in spatial derivatives—
what bounty to be obtained from a
requirement that was later found un-
necessary!

To clarify briefly the last remark, let
me say that particles occur in nature as
fermions (with intrinsic angular mo-
menta that are odd half-integral multi-
ples of ft) or bosons (with intrinsic
angular momenta that are integral
multiples of ft). Spin-V2 fermions are
described by the Dirac equation, but
bosons are described by other wave
equations. The simplest is the second-
order equation rejected by Dirac.
When multiparticle descriptions ("sec-
ond quantization" techniques) were de-
veloped, it was found that the "prob-
ability density" that was not positive
definite is actually a charge density,
with its sign depending on the prepon-
derance of particles or antiparticles.
One can even develop single-particle
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descriptions of bosons, analogous to the
Dirac equation, based on a relativistic
second-order differential equation.

Before leaving Dirac, we must return
to the Sommerfeld formula for the
energy levels of hydrogenlike atoms.
Solution of the Dirac equation for an
electron in a fixed Coulomb potential
leads to the same energy levels, with
the Sommerfeld angular momentum
integer k interpreted as j' + V2, with j
equal to V2, %, The orbital angular
momentum quantum number / does
not appear explicitly, only the total
angular momentum. Indeed, the idea
of separately conserved spin and orbi-
tal angular momentum quantum
numbers, absent in Sommerfeld's mod-
el, but accepted after the work of Pauli
and of Uhlenbeck and Goudsmit, is also
absent in Dirac's description. Spin is
an important concept and Sommerfeld
did not have it, but its separation from
orbital motion is only valid nonrelati-
vistically. Strictly speaking, there is
only total angular momentum. For
me, this throws some light on the
success of Sommerfeld's calculation
and the close connection of spin with
relativity that Dirac made manifest.

Chronologically, the next major de-
velopment with special relativity as a
key ingredient was quantum field the-
ory. With Dirac's work on quantization
of the radiation field pointing the way,
a fully general formulation of the
quantum theory of fields, with contin-
uous degrees of freedom, was developed
at the hands of Werner Heisenberg,
Pauli and others. Continuous systems
in classical physics, apart from electro-
magnetism, were known, of course.
Euler-Lagrange equations of motion
can be derived from the principle of
least action, based on a Lagrangian
density if that is a function of the
fields and their derivatives. Since
quantum mechanics appears most nat-
urally as a generalization of Hamil-
ton's equations of motion for canonical-
ly conjugate coordinates, the Hamilto-
nian played a central role in quantum
field theory, with time singled out
through, for example, the use of equal-
time commutation (or anticommuta-
tion) relations for the field operators.
Creation and annihilation operators
for particles in specific states of motion
emerge from normal-mode expansions
and the quantization of the simple
harmonic oscillator Hamiltonians in
the standard way.

While the Hamiltonian is important,
the Lagrangian density and its space-
time integral, which is the action inte-
gral, are extremely valuable con-
structs. Invariances of the Lagrangian
density under various transformations
(translations, rotations, internal "rota-
tions" and so forth) lead to conserva-
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tion laws. The first postulate of relativ-
ity imposes the requirement of Lorentz
invariance on the action integral and
on the Lagrangian density. The Euler-
Lagrange equations of motion emerge
naturally in covariant form and the
condition that jf be a Lorentz scalar
restricts mightily the forms of hypo-
thetical interactions among the fields.

The story of the emergence of the
Lagrangian, the principle of least ac-
tion and the use of path integrals as a
direct approach to quantum mechanics
and quantum field theory is not my
task here. It is identified with the
name of Richard Feynman above all
others, but the idea goes back to Dirac,
who in 1933 stressed the superiority of
the approach via the Lagrangian be-
cause of its manifest invariance with
respect to Lorentz transformations.12

The various approaches to relativistic
quantum field theory can be found in
standard texts.13

In our discussion of random exam-
ples of the roles and uses of special
relativity in theoretical physics we
have come rather far from the practi-
calities of atomic spectra and Sommer-
feld's atom. In part, that is because
special relativity permeates the work
place of the physicist, if not the layman,
from the lowest energies in atomic
systems (where the precision is so high
that the tiny relativistic effects must be
included) to the highest laboratory
energies in the giant particle accelera-
tors (where relativistic effects are gross
and must enter even the crudest consid-
erations).14 It is, as I said at the
beginning, a pointless exercise to try to
count the ways. Instead, I close with
examples that illustrate the truth of
what Albert Michelson and Edward
Morley found: There is no preferred
frame of reference.

Frames of reference
Anyone considering swiftly moving

charged particles learns very soon to
examine the physical processes in more
than one inertial reference frame.
Consider bremsstrahlung, that is, the
emission of radiation by a light,
charged particle on collision with an
atomic nucleus. The process was first
calculated by Hans Bethe and Walter
Heitler, Sommerfeld and others on the
basis of second-order perturbation the-
ory in quantum mechanics. But as was
shown brilliantly by Carl Friedrich von
Weizsacker and especially Evan James
Williams, the physical understanding
of bremsstrahlung and many other
processes benefits greatly when they
are viewed in appropriate inertial
frames.

Conventionally, bremsstrahlung is
described in the laboratory as the
acceleration of a swiftly moving, light,

charged particle by the Coulomb field of
an essentially stationary heavy nu-
cleus, accompanied by the emission of
radiation (see the figure on page 37). In
the Weizsacker-Williams method of
virtual quanta,15 one instead views the
process in the rest frame of the incident
particle. In this frame the heavy nu-
cleus is incident at high speed upon the
stationary light particle. The nucleus's
Coulomb field appears, because of the
Lorentz transformation, very much
like a pulse of electromagnetic radi-
ation, with transverse electric and mag-
netic fields having a broad frequency
spectrum with a number of virtual
quanta per unit frequency interval
inversely proportional to frequency.16

These virtual photons, of frequencies
co', are scattered by the stationary light
particle into a wide angular distribu-
tion—proportional to V d̂ + cos2#'), at
least at low frequencies. If the motion
is highly relativistic, these photons,
which are predominantly at low fre-
quencies and large angles, are caused
by the relativistic Doppler shift to
appear in the laboratory at moderate to
high frequencies yco' and small angles
on the order of 1/y. Bremsstrahlung
thus has an alternative description as
the scattering of virtual quanta in the
rest frame of the incident particle.

There is, in fact, an apparent di-
lemma, and a neat explanation due to
Weizsacker. The spectrum of virtual
quanta of the heavy nucleus contains
energies fuo far above the rest energy of
the light particle. Such quanta, when
scattered and transformed to the labo-
ratory frame, would have energies on
the order of yfuo', far greater than ymc2,
violating conservation of energy—the
largest possible photon energy is
(y — \)mc2. As Weizsacker showed in
detail, however, this violation does not
occur, because the scattering of quanta
with energies fuo' greater than me2 in
the incident particle's rest frame is
described by the Compton cross section,
not the simple Thomson (recoilless)
cross section. The Compton scattering
cross section falls off with increasing
photon energy, the scattered photons
have lower energies because of recoil,
and the angular distribution changes.
All of these features combine to con-
serve energy back in the laboratory and
give all the details of the less transpar-
ent calculations.

A wide variety of inelastic collisions
of charged particles can profitably be
described by the Weizsacker-Williams
method, whereby the fields of a "projec-
tile" are replaced by an equivalent
spectrum of photons interacting with a
"target." Usually, but not always, the
target is at rest in a reference frame
other than the laboratory.

Another example of the usefulness of



Undulator magnet for enhancing the synchrotron radiation from a beam of electrons. Such
devices are also the active parts of free-electron lasers. Steel pole pieces are shown in gray;
SmCo5 permanent magnets, assembled with alternating polarities, are in blue.

shifting from one reference frame to
another is in understanding the fre-
quency of radiation created by electron
undulators, devices in which a relativ-
istic electron beam is caused to make
very small sideways oscillations by a
periodic array of magnets of alternat-
ing polarity.17 The array can be real-
ized by two sets of samarium-cobalt
permanent magnets, alternating in po-
larity, separated by iron pole pieces;
the set looks rather like the black and
white keys on a piano, with a corre-
sponding keyboard above (see the fig-
ure above).18 The beam passes through
the middle and experiences in succes-
sion magnetic fields directed upward
and downward with spatial wavelength
Au. The magnetic force causes the
beam to undulate from side to side with
the same basic period.

Because the electrons are acceler-
ated, they radiate. But at what fre-
quency? To determine it, we first make
a Lorentz transformation to the ap-
proximate rest frame of the beam. The
electrons are almost at rest, so the
magnetic force in that frame is negligi-
ble, but there is an electric field, equal
to yp x B, which causes the electrons to
oscillate (because B is periodic). The
oscillating electrons emit dipole radi-
ation in the well-known way. The
wavelength is governed by the periodic-
ity of the magnetic field, as seen in this

reference frame. Because of the Fitz-
Gerald-Lorentz contraction, the mag-
net structure rushing by has a wave-
length /Tu of Aaly. This is the wave-
length of the radiation emitted in the
electrons' rest frame. If we now return
to the laboratory, we can ask for the
wavelength of the radiation there. The
relativistic Doppler shift (the Lorentz
transformation for light), in the limit of
large y, takes the form

A = (A'/2y)(l + f&)
where A' is the wavelength in the
moving frame and 9 is the angle of the
radiation in the laboratory relative to
the direction of motion. With the
dipole wavelength from the rest frame,
the result for the wavelength of the
radiation from an undulator is

A =,(
The factor y2 means that the radiation
can have extremely short wavelengths.
For example, an undulator wavelength
Au of 4 cm is realistic, as is a y of 3000
(for electrons of 1.5 GeV). The undula-
tor radiation would then have a wave-
length of roughly 22 A (an energy of
560 eV): soft x rays. The motion in the
rest frame of the beam is not complete-
ly nonrelativistic and sinusoidal. As a
result, a number of harmonics of the
fundamental are radiated; the relative
intensities depend on the details of the

undulator. For an undulator of N
periods, the radiation peaks have a
height proportional to N"2, a fractional
width LAI A of order 1/N and an angu-
lar spread of order 1/yjN. Undulators
provide intense, coherent, tunable
sources of soft x rays and vacuum
ultraviolet for condensed matter and
biological research; they also serve as
the "engines" that drive free-electron
lasers.

The phenomenon of channeling radi-
ation is my last example of how one can
understand essential features by view-
ing a situation in different inertial
frames. If high-energy positrons are
incident on a crystal in a direction
closely parallel to a crystal plane, they
are channeled between the planes like
a stream in a straight Alpine valley
with mountain ranges on either side.
In general, there is motion from side to
side as the positron tests the slopes.
This transverse motion implies accel-
eration and hence radiation, just as in
the undulator. The frequencies emit-
ted are governed by the basic param-
eters of the crystal lattice and the
relativistic parameter y of the incident
positrons.

The average transverse electrostatic
potential experienced by a positron
passing between crystal planes is ap-
proximately quadratic. (The period of
transverse oscillation is long compared
with the transit time for one lattice
spacing. The longitudinal periodicity
is thus washed out.) The "spring con-
stant" V"(0) for the effective oscillator
can be estimated by dimensional argu-
ments to be roughly 13.6 eV/a2, where
a is the distance between lattice planes.
The transverse electric field in the
laboratory, E1, is V'iOJx^. If the posi-
tron were nearly at rest in the laborato-
ry, its transverse frequency of oscilla-
tion <y0 would simply be (V"(0)/me)u2,
corresponding to optical photon ener-
gies of a few electron volts.

Let us go to the moving coordinate
frame in which the positron is almost
at rest, the frame moving with the
velocity of the incident beam. There
the positron experiences the trans-
formed electrostatic force of the lattice.
This has electric and magnetic compo-
nents, but since the positron's motion is
nonrelativistic in this frame, only the
electric force is important. The trans-
formation law of the transverse electro-
static field is

E\ = yEL
= yV"(0)xL
= yV"(0)x\

(The transverse coordinates are, of
course, unchanged by the Lorentz
transformation.) The "spring" is thus
stiffer by a factor of y in the positron's
average rest frame, and the frequency
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Channeling radiation spectra for 55-MeV positrons (a) and electrons (b).21 The particle
beams are parallel to the (110) planes of diamond crystals. Note that the positron spectrum
exhibits a single peak, while the electron spectrum is highly structured.

of its transverse motion is coo-fy. The
dipole radiation from the oscillation
appears in the laboratory in the usual
narrow forward cone with angular
width of order \ly and with a frequen-
cy co given approximately by
2y3'2co0/a + ff). For 50-MeV posi-
trons, y is around 100 and the photon
energies are 2000 times optical, or
tens of keV.19 For 10-GeV positrons,
the energies are 107 times optical—
around 50 MeV!20

To the extent that the potential is
truly quadratic, even a quantum me-
chanical treatment gives only the fun-
damental line. Observations always
show a strong peak at the fundamental,
sometimes with smaller peaks near
multiples of the basic energy. For high-
energy electrons the emission occurs in
the same general energy range, but the
electron spectra can exhibit a number
of prominent peaks.1921 (See the
graphs above.) The difference arises
because the electrons experience a
funnel-shaped electrostatic interac-
tion, not a simple harmonic oscillator
potential. The frequency of classical
transverse motion then depends on the
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amplitude, and for a given amplitude
the periodic motion corresponds to a
superposition of many harmonics of the
basic frequency. (In quantum lan-
guage, the energy levels of transverse
motion are not equally spaced and
transitions are not restricted to those
between adjacent levels.)

These examples are but illustrative
of the value of viewing physical phe-
nomena in different inertial frames.
The absence of a preferred frame of
reference, established by the Michel-
son-Morley experiment 100 years ago
and bothersome to many at the time,
has been turned with Einstein's guid-
ance into a very positive virtue. I have
tried to document how a few practi-
tioners used special relativity to good
effect in its early days, and how it still
gets used to simplify and clarify our
understanding.22 Equivalent inertial
frames are everywhere. Use them for
profit and enjoyment!
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