
The road to four dimensions
Herman Feshbach

Two themes are distinguishable in the
history of physics. One theme focuses
on the nature of observation: Which
questions can we fruitfully ask regard-
ing the behavior of a physical system
and which questions make no sense?
Isaac Newton's laws of motion, Albert
Einstein's special relativity and Niels
Bohr and Werner Heisenberg's uncer-
tainty principle fall into this category.
The other theme emphasizes the goal of
unification—understanding two seem-
ingly independent sets of phenomena
in terms of a single theory. The unifi-
cation of electricity, magnetism and
optics by Hans Christian Oersted, Mi-
chael Faraday and James Clerk Max-
well is a familiar example. More re-
cently, Steven Weinberg, Abdus Salam
and Sheldon Glashow succeeded in
unifying the weak and electromagnetic
interactions. Today the particle theo-
rists are vigorously pursuing the unifi-
cation of all the forces of nature—the
strong hadronic interaction, the weak,
the electromagnetic and the gravita-
tional. Their El Dorado is the golden
Lagrangian, from which one can obtain
all the interactions as well as all the
elementary particles, the building
blocks of matter.

One example of such a theory is a
generalization of the five-dimensional
model formulated by Theodor F. E.
Kaluza and Oskar Klein in the 1920s
that unified gravitation and electro-
magnetism. (Interestingly, Einstein
delayed publication of Kaluza's paper
by two years.) Four of the dimensions
describe space-time, while the fifth is
required to obtain the electromagnetic
fields. Because now we wish to accom-
modate the strong and weak interac-
tions as well, a larger number of
dimensions is required, 11 in all. The
internal symmetries one observes in
space-time are to be explained in terms
of the symmetries of the seven-dimen-
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Extension of one-dimensional space to
include an "internal" degree of freedom. At
each point of the space (a) one constructs a
compact one-dimensional space (b). The
characteristic size, R, of the resulting two-
dimensional space (c) determines the mass
scale in the compactified one-dimensional
space (d).

sional internal space that has been
added on to space-time. The use of
extra dimensions for this purpose is not
especially unusual. What is novel is
the requirement that the Kaluza-Klein
Lagrangian be the extension of Ein-
stein's gravitational Lagrangian from 4
to 11 dimensions. The Kaluza-Klein
Lagrangian deals only with the gauge
bosons, such as the photon and the
graviton, the quantum of the gravita-
tional field. The complete Lagrangian
will contain in addition an 11-dimen-
sional matter Lagrangian for the fer-
mions. To obtain the resultant space-
time theory and to determine its sym-

metries one uses a procedure referred
to as "dimensional reduction."

A straightforward method of dimen-
sional reduction involves the expansion
of the fields in terms of a set of
orthogonal functions complete in the
internal space; the coefficients are
functions of the four space-time coordi-
nates. One introduces this expansion
into the Lagrangian and integrates
over the internal space coordinates,
which yields an effective Lagrangian in
space-time. To illustrate, consider the
familiar case of the dimensional reduc-
tion of a three-dimensional space to a
one-dimensional space. One way is to
introduce spherical coordinates (r,d,<f>)
and to expand in terms of the spherical
harmonics Yln,(9,6). The expansion
coefficients are functions of r. Intro-
ducing this expansion into the Lagran-
gian and integrating over 8 and 6 yields
an effective Lagrangian that depends
only on r and contains an effective
potential energy /(/ + l)/r2 (the centri-
fugal potential). This potential energy
reflects the elimination of two of the
dimensions and—because / is an in-
teger—also reflects the spherical sym-
metry implied by the use of spherical
harmonics. The eliminated space de-
scribed by 6 and 4> is said to be compact
because, roughly speaking, the vari-
ation of each variable is bounded. The
choice of spherical harmonics implies
the rotational symmetry of the internal
space; it is reflected in the remaining
one-dimensional space through the in-
variance of r with respect to rotation.
One can introduce other symmetries by
using other coordinate systems, and
thus other orthogonal series, to effect
the dimensional reduction. In my
three-dimensional example these could
be relatively simple, such as circular
and elliptical cylindrical coordinate
systems, or quite complex, as in the
case of toroidal coordinates.

The lessons to be learned from this
example are:
• The symmetries of the internal
space select the orthogonal set of func-
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reference frame
tions to be used.
• The symmetries are reflected in the
space- and time-dependent expansion
coefficients.
• Many symmetries are possible for
the internal space, but they are limited
by the constraint that on dimensional
reduction one should obtain the
symmetry of the standard model
SU(3)xSU(2)xU(l), and, of course, the
Einstein theory of gravitation.

Kaluza-Klein theories make the in-
ternal space compact so that the extra
dimensions are not directly observable
and one obtains the Yang-Mills equa-
tions—the analog of Maxwell's equa-
tions for quantum chromodynamics.
One can make the internal space com-
pact by introducing angle variables,
but in general at least one of the seven-
dimensional variables, say r, can be
unbounded. To restrict it, one intro-
duces a cutoff by taking the dependence
on r to be periodic with a characteristic
length R, so that the magnitude of r is
effectively less than 2JTR. Introducing
a length is equivalent to introducing a
mass scale given by ft/Re. As a second
step in the dimensional reduction, R is
taken to be very small, on the order of
the Planck length, 10" 2" fm. The mass
scale is then 1019 GeV/c" so that the
system is of small dimension in the
internal space and the corresponding
masses are unobservable except for one
possibility, namely if the mass is zero.
If the mass is zero, there is no depen-
dence of the internal-space metric on
the internal-space coordinates and the
zero-mass particles can become the
gauge particles, such as the photon in
the original Kaluza-Klein theory. For
the internal space of seven dimensions
one obtains the Yang-Mills equations,
justifying the small value of R.

The Kaluza-Klein theory has only
one parameter, the Newtonian gravita-
tional constant; the parameter R does
not appear in the final equations. The
compactification of the internal space
and the scale chosen for R can be
justified on the basis of the dynamical
equations following from the 11-dimen-
sional Lagrangians if they are super-
symmetric. But that is a long story,
which I will not recount here. I have
also not discussed why the internal
space is chosen to be seven dimension-
al.

This remarkable theory is flawed. In
particular it cannot describe the asym-
metry required by the violation of
parity conservation in the weak inter-
actions. This difficulty is not present in
the ten-dimensional superstring model,
now the leading candidate for unifica-
tion. Although technically not a Ka-
luza-Klein theory, a superstring the-
ory makes a similar use of extra
dimensions in space-time. •
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