Generalized

hydrodynamics

Efforts to extend ordinary linear hydrodynamics

to the microscopic scale have succeeded in predicting,
under certain conditions, corrections to Stokes Law and
the form of the neutron scattering function.

Berni J. Alder and W. Edward Alley

The object of generalized hydrodyna-
mics is to extend from the macroscopic
scale to the microscopic scale the do-
main in which ordinary hydrodyna-
mics applies. With this extension, un-
der well-defined conditions, we will
then, among other things, be able to
predict the momentum with which
neutrons are scattered at various an-
gles by the fluid; neutron scattering is
one of the principal methods by which
the dynamic structure of fluids is inves-
tigated experimentally.

Ordinary hydrodynamics is de-
scribed by the Navier-Stokes equa-
tions, which contain the conservation
laws of mass, momentum and energy,
supplemented by the empirical consti-
tutive relations that define the trans-
port coefficients as the proportionality
constants between the gradients of
temperature and velocity and their
corresponding fluxes. Generalized hy-
drodynamics retains the form of the
Navier-Stokes equations (that is, the
conservation laws and the constitutive
relations), but the transport coeffi-
cients are allowed to depend on the
range over which the gradients are
applied and the duration over which
they last. In this way, we introduce
distance and time scales into ordinary
hydrodynamics and are then able to go
beyond the continuum approximation
into the regime where the molecular
structure of the fluid plays a role.

Such a theory should be exact on the
molecular scale, provided one defines
the generalized transport coeflicients
properly. However, there are two ma-
jor restrictions on generalized hydro-
dynamics; both are also limitations on
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ordinary hydrodynamics. One is that
the system be large compared to the
mean free path, otherwise boundary
effects and free-streaming (transport
before the first collision) effects domi-
nate the flow. Similarly, the time scale
has to be longer than a few collisions
per particle so that local equilibrium
conditions prevail and so that again
free streaming is not the major means
of transport. The other restriction is
that the gradients are not so steep that
the linear relations defining the trans-
port coeflicients are violated. Thus, for
example, generalized hydrodynamics is
not able to deal with situations in
which shocks occur, although it is able
to describe sound waves, including
their speed, their attenuation and their
bandwidth, no matter what their wave-
length and frequency, subject only to
the limitations cited above.' Thus, the
application of generalized hydrodyna-
mics to any real situation is primarily a
test of the validity of the linear approx-
imation.

Given such generalized transport co-
efficients, the question then becomes
how to measure them and how to
predict them theoretically. In princi-
ple, a measurement would be straight-
forward. For example, the generalized
viscosity could be obtained from a
standard viscometer, in which the fluid
is confined in an annular space
between two concentric cylinders, one
of which executes rotational oscilla-
tions. The viscosity would then be
measured by the damping of the oscilla-
tions as a function of the size of the
annular space and the frequency of
oscillation. This method is impractical,
however, because the spatial and tem-
poral dependence of the viscosity is not
significant for an ordinary liquid un-
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less the annular space is exceedingly
small and the frequency of rotational
oscillation is exceedingly high. Thus
we have to consider theoretically when
the ordinary hydrodynamic concept of
a constant viscosity breaks down.

Continuum approximation

Until recently, the time scale rel-
evant in hydrodynamics was thought to
be vastly separated from the other two
natural time scales in a liquid, namely
the duration of a collision between
molecules and the time between colli-
sions (kinetic time scale). The duration
of a collision depends somewhat on its
definition and on the interatomic po-
tential that describes the interaction
between the molecules, but in general
it is of the order of 10~ ' sec. For hard
spheres, with which we will deal here, a
collision is instantaneous. The time
between collisions for a typical liquid,
such as water, is about 10~ ' sec, and
this is the time scale for which kinetic
theory is relevant (see the article by E.
G. D. Cohen, page 64). Kinetic theory
has difficulty dealing with repeated
collisions that lead to correlations with
previous collision partners. These cor-
relations are ignored in the simplest
version of kinetic theory, which is
based on the molecular chaos approxi-
mation. For short times (that is, a few
collision times), these correlations can
be neglected because recollisions with
previous collision partners do not have
time to occur.

The hydrodynamic time scale, on the
other hand, was thought to be orders of
magnitude greater than the kinetic
time scale and completely decoupled
from it. This belief was reexamined as
a result of computer simulations that
showed that in some instances ordinary
hydrodynamics quantitatively applies
down to times only an order of magni-
tude greater than the kinetic time
scale, namely about 30 collision times
or 10~'% sec. This result was first
established through a quantitative ex-
planation of the “long-time tail” of the
velocity autocorrelation function at in-
termediate fluid densities by a hydro-
dynamic calculation.? The term *long-
time tail” arises from the observation
that the velocity of a particle is positi-
vely correlated with its initial velocity
even after many hundreds of collisions.
This persistence of correlations in ve-
locity is described by a power-law decay
in time, Before this observation, an
exponential time dependence was ex-
pected because it was thought that
after a sufficiently long time had
elapsed, velocity correlations would die
out and the molecular chaos approxi-
mation could be applied. Although the
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observations of the power-law decay led
to a fundamental reexamination of the
theory by which transport coefficients
are calculated (a reexamination not yet
completed), we believe that the pri-
mary significance of the long-time tail
is that hydrodynamics applies at very
short times and distances.

The hydrodynamic model by which
the long-time tail was calculated treats
the motion of a sphere with a given
initial velocity through a continuum
liquid (initially at rest, and character-
ized by a viscosity and compressibility).
Over a hundred years ago, George
Gabriel Stokes knew that this model
leads to a long-time tail; however, no
one dared to contemplate applying
hydrodynamics to a sphere of the size of
an atom. In figure 1 we show the
correlated velocity field around an
atom after about ten collisions accord-
ing to computer simulation and the
corresponding hydrodynamic calcula-
tion. In the computer simulation,
usually referred to as molecular dy-
namics, the trajectory of each hard
sphere is calculated by solving the
simultaneous Newtonian equations of
motion for all spheres. The atomistic
and the fluid-dynamic calculations of
the vortex are in quantitative agree-
ment (as seen in figure 1) after the
vortex has spread only over three
molecular diameters after ten colli-
sions. This vortex feeds the velocity of
any particle back into itself via the
medium and leads to the long-time
correlations.

The distance scale of three molecular
diameters to which ordinary hydrodyn-
amics seems to apply in the above
example is not surprising. It has been
long known from the distribution of
distances between particles in a liquid
(determined by x-ray or neutron dif-
fraction measurements) that only the
first few neighboring shells can be
identified by their above-average den-
sity. Beyond about three neighbors,
the fluid can be considered a contin-
uum characterized by its average den-
sity. These considerations indicate
that conventional experimental mea-
surements of transport coefficients can-
not be extended into this regime to
obtain the generalized transport coeffi-
cients. Instead, one must analyze the
naturally occurring fluctuations in a
liquid.

Fluctuations

Fluctuations in a liquid occur at all
wavelengths and frequency scales. Our
task is to decompose the decay of the
various fluctuations into wavelength-
and frequency-dependent transport co-
efficients. To be sure, the fluctuations

Velocity correlation between a central particle and its neighboring particles after the central
particle has undergone about ten collisions. The size of the central particle is shown by the
shaded circle and its velocity by the dark arrow near its center. The other dark arrows are of a
size to indicate the velocity average (as obtained by molecular dynamics) of whatever
neighboring particles are found in that section of space, shown at the center of the section. The
dark arrows are to be compared with the light arrows, which are obtained from a hydrodynamic

solution of the velocity field on a rectangular grid for the identical physical situation.

also have an amplitude, which should
also be analyzed and which would lead
to the determination of nonlinear
transport coefficients. However, this
task is much more complex and is just
beginning (see the article by R. Bryon
Bird and Charles F. Curtiss, page 36,
and reference 3). We will, therefore,
confine ourselves to small-amplitude
fluctuations that can be described by

Figure 1

the linear fluctuation—dissipation the-
ory. The only fluctuations of this kind
directly accessible to experiment are
the density fluctuations revealed by x-
ray or light-scattering experiments.
The spectrum of these fluctuations is
characterized by a central peak (called
the Rayleigh peak) and two equally and
oppositely spaced peaks (called the
Brillouin peaks).
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Because the wavelength of light is
roughly 1000 molecular diameters, one
can accurately predict (as expected
from the above considerations) with
ordinary hydrodynamics the spectrum
that will be obtained by means of light
scattering. It is well known that the
separation in frequency between the
Rayleigh and Brillouin peaks is given
by the product of the sound speed and
the change in the wavenumber of the
scattered light; the width of the Bril-
louin peaks is determined by the viscos-
ity, while that of the Rayleigh peak is
determined by a combination of trans-
port processes involving the bulk vis-
cosity and the thermal conductivity. If,
on the other hand, the spectrum is
determined by scattering neutrons
with wavelength of the order of a
molecular diameter, the Rayleigh and
Brillouin peaks merge (see figure 2).
Ordinary hydrodynamics does not cor-
rectly describe the spectrum, but gener-
alized hydrodynamics should. In fact,
we will use this spectrum to determine
the generalized transport coefficients.

To determine all the generalized
transport coefficients directly we must
know not only the spectrum of the
density fluctuations but also the spec-
tra of the other conserved quantities,
namely the energy and the transverse
momentum. These spectra can readily
be determined from molecular dynam-
ics simulations. We shall illustrate the
procedure for evaluating the general-
ized viscosity.

We choose to deal with the viscosity
for two reasons. The first is that the
methodology is simplest because the
transverse momentum is decoupled
from all the other transport processes,
and yet the principle is the same as for
all the other transport coeflicients.
Furthermore, in evaluating the other
generalized transport coefficients, gen-
eralized thermodynamic properties—
such as how the sound speed or the
compressibility depend on wave-
length—must also be known. This
dependence can be experimentally de-
termined from the separation in fre-
quency of the Rayleigh and Brillouin
peaks divided by the wavenumber,
This ratio leads to a constant sound
speed only at large wavelength. Of
course, thermodynamic properties, be-
ing equilibrium properties, cannot de-
pend on time or frequency.

The second reason for dealing with
the viscosity is that its generalization
allows us to deal with viscoelastic
effects, which are the most important
manifestation of the wavelength and
frequency dependence of transport co-
efficients. The other transport coeffi-
cients are relatively insensitive to the
structure of the liquid; their wave-
length and frequency dependence can,
therefore, be well predicted (for hard
spheres) by kinetic theory under the
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Neutron scattering
function for a hard-
sphere fluid at a
density corresponding
to a ratio of volume to
close-packed volume,
V/V,=186,anda
wavenumber

k= 0.76/c (where o Is
the hard-sphere
diameter) versus
angular frequency w
times the mean
collision time ¢ divided
by ko. The circles are
the molecular
dynamics results for
500 hard spheres and
the solid line denotes
wavelength-dependent
hydrodynamics.

Figure 2

NEUTRON SCATTERING FUNCTION S(k,w)

molecular chaos approximation.

Generalized viscosity

The viscosity is defined through the
constitutive law, which we write, for
convenience, in Fourier space, that is
referring to wavenumbers rather than
positions:

gugfr kv d,T (1)
where % is the Fourier transform wave-
number variable, J, " is the Fourier
transform of the transverse momen-
tum current, and v i1s the kinematic
viscosity (that is, the shear viscosity, 7,
divided by the density). The wavenum-
ber and wavelength, 4, are reciprocally
related to one another: k=27/A.
Equation 1 is of the well-known diffu-
sion type. For a constant, positive
viscosity, the equation can be integrat-
ed, yielding

J Tt =J,T(0)e * (2)

that is, an always positive, exponential-
ly decaying transverse momentum cur-
rent. However, as figure 3 illustrates,
the transverse momentum current as
determined by computer simulation
agrees with this prediction only at long
wavelengths (small wavenumber). At
shorter wavelength, the ordinary hy-
drodynamic prediction breaks down,
and the transverse momentum cur-
rents becomes negative (corresponding
to shear-wave propagation). This is a
manifestation of viscoelastic behavior,
in which the medium on the average
reverses the initial transverse momen-
tum fluctuation, as it would if it were a
solid. Thus we conclude that a hard-
sphere fluid at sufficiently high density
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and sufficiently short wavelength can
propagate shear waves.

To describe this negative region of
the transverse momentum current (if,
as we proposed, we insist on maintain-
ing the form of the constitutive law) we
can no longer keep the viscosity con-
stant, but must make it depend on
wavelength and frequency. In fact, the
wavelength and frequency dependence
of the viscosity is simply determined by
inverting equation 1, using the numeri-
cally obtained transverse momentum
current at several wavelengths. The
result is shown in figure 4 for the zero-
frequency case. We observe that the
viscosity drops by an order of magni-
tude from its constant hydrodynamic
value when the wavelength is equal to
the nearest-neighbor distance, that is,
when ko = 27. Furthermore, the wave-
length dependence of the viscosity is
weak beyond about three molecular
diameters, that is for ko <2. This is
consistent with previous discussions.
As shown in figure 4, kinetic theory
predicts the constant hydrodynamic
viscosity rather poorly because it ig-
nores collective effects. However, for
wavelengths comparable to the diame-
ter of a molecule, such spatial correla-
tions can be neglected and the kinetic
theory becomes quantitatively correct.
An improvement on the kinetic theory
that takes some of the collective effects
into account,’ called the mode-coupling
theory, leads to considerably better
agreement, as indicated in figure 4.

Stokes’s Law

_As an application of this generalized
viscosity, we now discuss corrections to
Stokes’s law, describing the friction



experienced by a sphere moving
through a fluid when the sphere is of
molecular dimensions. Stokes calcu-
lated the friction £ of a macroscopic
sphere of radius R moving through a
fluid of viscosity n to be £=6m7R,
when “stick” boundary conditions (to
be discussed later) apply. It has also
been long known from measurements
of the diffusion coefficient, D, either
self-diffusion or diffusion of a foreign
molecule in liquids, that Stokes’s law
makes a nearly correct quantitative
prediction of the friction coefficient
using the Einstein relation £ = kg T/D,
where kg is Boltzmann'’s constant and
T is the absolute temperature, even
though the conditions for which the
Stokes-Einstein relations are derived
are grossly violated. In the molecular
diffusion process, as opposed to the
macroscopic mdoel, the moving object
is not large compared to the molecules
of the fluid, nor is it much more
massive. The latter condition is needed
so that the momentum changes of the
sphere are small on a collisional time
scale, making linear hydrodynamics a
valid approximation. Another problem
is the relevance of a hydrodynamic
boundary condition on a molecular
scale.

To isolate the problem of how the
friction coefficient depends on size, we
determined the friction coefficient of
an infinitely massive sphere immersed
in a fluid of hard spheres. The use of
elastic collision dynamics corresponds
to “slip” boundary conditions. We
calculated the friction coefficient from
its defining expression as a force auto-

correlation function by computer simu-
lation and also using generalized hy-
drodynamics, as shown in figure 5. The
generalized hydrodynamic calculation
repeats that of Stokes except that the
generalized viscosity is introduced in
the empirical form

n(k)/m(0) = (1 4 a®k%) ! (3)

This equation fits the data given in
figure 4 well at small values of k. The
straight line in figure 5 is the theoreti-
cal prediction for the above form of the
generalized viscosity, namely

(4)

where o,, is the average diameter of
the massive sphere and the solvent
spheres. Had we fitted the generalized
viscosity more accurately, we would
have obtained, as expected, perfect
agreement with the computed friction
coefficient down to the smallest mas-
sive sphere investigated (one the same
size as the solvent). The crucial fact is
that the friction coefficient drops only
by about 40% for a sphere of the size of
the solvent relative to a much larger
sphere. In other words, a, the charac-
teristic length that has been introduced
into hydrodynamics via the generalized
viscosity, is of the order of the molecu-
lar size. For dense hard spheres, a/oy,
is even smaller than unity (it is 0.3) and
this provides numerical evidence that
ordinary hydrodynamics is applicable
at near-molecular dimensions.

Eldmo,=1—aloy,

Boundary conditions

Solving the generalized hydrody-
namic equations for a particular phys-
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Transverse current
autocorrelation
function (normalized)
for a hard-sphere fluid
at a density
corresponding to

VAV, = 1.6 and for
wavenumbers

ko = 0.76 (open circle)
and ko = 2.28 (closed
circle). The circles are
the molecular
dynamics calculation
and the solid lines
represent the
corresponding
wavelength-dependent
hydrodynamics

calculations. Figure 3
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ical situation, such as the flow of a fluid
through microscopic pores or the inter-
pretation of picosecond spectroscopic
experiments, is in general a difficult
mathematical or numerical task be-
cause the introduction of wavelength-
and frequency-dependent transport co-
efficients leads to a response that is
non-local in both time and space. In
other words, the fluid, through the
generalized viscosity—expressed in
real space and time variables,
7(r —x',t — '), as opposed to wavenum-
ber and frequency variables, to make it
more explicit—has acquired a “mem-
ory”—a signal generated at a location
r' at a time ¢’ has a delayed effect at a
time ¢ at another location r. This delay
reflects the fact that a fluid cannot
respond instantaneously to a change
induced by a fluctuation, because it
takes time for atoms to rearrange
themselves.

A further complication arises when
one applies generalized hydrodynamics
on a molecular scale in the specifica-
tion of the appropriate boundary condi-
tions. We require a molecular inter-
pretation of the degree of “stickiness,”
which in the Stokes problem means
how much of the incoming momentum
of a solvent particle tangent to the
surface of the massive object is rando-
mized in the collision process. The
extreme cases of slip and stick bound-
ary conditions correspond to elastic and
completely randomizing collisions, re-
spectively, and lead to a 47 and a 67
numerical factor in Stokes’s law. We
were able to carry out a molecular
dynamics simulation of the friction on
an aggregate object which is, on the
average, spherical. The infinitely mas-
sive object is made up of representative
members of an ensemble of little
spheres of the same size and number
density as the solvent, frozen in posi-
tion. The numerical factor in Stokes's
law, as shown in figure 5, is found to be
approximately 57, which is between
the limits given above. A detailed
analysis of such simulations for how
the momentum transfer depends on the
surface roughness of objects relative to
the wavelength of the fluctuations will
have to be carried out before accurate
macroscopic boundary conditions can
be specified on a microscopic scale.

Nonlinear effects

We must also account for the nearly
quantitative validity of Stokes’s law in
practical situations (for instance, diffu-
sion in a mixture of liquids) even
though the mass of the object is com-
parable to that of the solvent mole-
cules. Under these circumstances, the
momentum change of the objects is
large in a typical collision and a linear
theory is inapplicable. The nonlinear
theory by which one might evaluate the
mass corrections to Stokes’s law has
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Normalized viscosity
at zero frequency as a
function of
wavenumber at

VAV, =1.6. The
molecular-dynamics
results (closed circles)
and the kinetic-theory
results (open circles)
are compared to the
results of a mode-
coupling calculation®
(colored line). Error
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dashed curve
represents an empirical
low-wavenumber

fit. Figure 4
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not been satisfactorily worked out. Not
only is the nonlinear theory difficult in
itself, but an additional complication
arises because the correction is appar-
ently nonanalytic in the mass—that is,
the corrections cannot be expressed in
a power series of the ratio of the mass of
the solvent molecule to that of the
object. This is true for the same reason
that all transport coefficients are non-
analytic in any of their dependences
(such as on wavelength, frequency,
temperature or density), namely, the
existence of the long-time tail or long
memory effects. Thus, equation 3, ana-
lytic in its wavelength dependence for
the viscosity, cannot be strictly correct,
even though it fits the data very well
overall. Hence, typically, the non-
analytical contributions are quantita-
tively not very significant. As an
example, the long-time tail for the
velocity autocorrelation function has
vet to be observed because the effects
are so weak. Similarly, in spite of all
these complications, we find empirical-
ly that the mass corrections to Stokes's
law are small. Furthermore, the litera-
ture contains an amusing cancellation
of errors that makes it appear that
Stokes’s law is nearly exact for a sphere
of the same size and mass as the solvent
molecules. Figure 5 shows that &/
47y, = 0.60 for an infinitely massive
sphere of the same size as the solvent
(o,/oy5=1). Through a self-diffusion
calculation it is easy to establish that &/
4750, =052 for the equal-mass
sphere, so that the mass correction is
only about 10%. If the radius of the
object is now mistakenly used in the
above formula instead of the diameter
(doing this is valid only if the object is
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large compared to the solvent), the
erroneous factor of 2 compensates for
the deviations from Stokes's law.

Divergences

We have established the nonanalyti-
cal behavior of the generalized trans-
port coefficients in the simplest possi-
ble case—the diffusion coefficient of a
single point particle that moves among
stationary objects, the so-called Lor-
entz gas. Surprisingly, even in this
instance both collision-sequence argu-
ments and direct numerical simulation
predict a long-time tail in the velocity
autocorrelation function. But the tail
is not of hydrodynamic origin since no
correlations can develop in the station-
ary medium. The long-lived velocity
correlation again decays as a power law
but with a negative coeflicient, signify-
ing a higher-than-random probability

that the moving particle will return to
its orgin. Specifically, the velocity
autocorrelation function p(f) of the
point particle moving through random-
ly placed hard disks of radius R at low
density decays as — n*/nt?, where n* is
the reduced density, NR*/A, and A is
the area of the system containing N
scatterers. The divergence arises in
the first linear Burnett coefficient
whose autocorrelation functions can be
shown by dimensional arguments and
by numerical simulation to be of one
higher power in time than that of the
diffusion coefficient. Thus, the auto-
correlation function behaves asymp-
totically as 1/t and the Burnett coeffi-
cient, which is the time integral of the
autocorrelation function, diverges.”

The Burnett coefficient B measures
the initial spatial or wavelength depen-
dence of the diffusion coefficient D
away from the hydrodynamic limit,
and is defined through the correction to
Fick’s law of diffusion by

af Ff af
2 =p=L4 B =L 5
at 6x2+ ax* i

where f is the single-particle distribu-
tion function. If there are no long-term
memory effects, then this distribution
becomes a Gaussian in the long time
limit at a rate governed by B. This
assumption is violated when there are
long-term correlations, which can even
lead to the divergence of the diffusion
coefficient itself. An example is any
transport coefficient in a two-dimen-
sional fluid (such as any liquid film on a
metal), where the distribution function
itself is not Gaussian even in the long-
time limit. The nonlinear Burnett
coefficients, namely coeflicients of the
form of (¢2f/dx?)?, are expected to have
divergences similar to those of the
linear ones.

For the Lorentz gas, at the longest
time that could be numerically investi-
gated, the distribution function is far
from being Gaussian. Because spatial
correlation cannot develop in the Lor-

Friction coefficient &
(relative to the slip
Stokes's value &) as
a function of particle
size at V/V, = 1.6 for
two different boundary
conditions: slip (green)
and aggregate (yellow)
where o is the
diameter of the fixed
particle and ¢, the
average diameter of
the fixed and solvent
particle. The green line
gives the

prediction of
generalized
hydrodynamics, and
the yellow line
represents an empirical L

FRICTION COEFFICIENT (47&/5, )

1 I 1 1

extrapolation. Figure 5
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entz gas, long temporal correlation
must account for the non-Gaussian
approach to the Gaussian limit. Gener-
alizing Fick's law by introducing a
nonlocal (in time) memory function in
the simplest possible way leads to a
redefinition of the Burnett coeflicient:

‘?—f —5 4] ‘ plt —I'Jﬁ:d!"
at Jo dx”

Ly i
+B] t— ) 2Lar (6)
-np (31‘"

This equation leads not only to a well-
behaved Burnett coefficient, but also to
a quantitative prediction of the singlet
distribution function at long times.
Similarly, for a three-dimensional flu-
id, the diffusion coefficient exists and
the Burnett coefficient diverges. How-
ever, the memory function that must be
introduced to remove the divergence is
nonlocal not only in time but in space
as well. Its precise form is not yet
firmly established.

Theory

The theoretical evaluation of the
generalized transport coefficients pre-
sents formidable problems. From ki-
netic theory it is possible to predict the
short-wavelength and short-time be-
havior of hard spheres at any density.
For real potentials, which have attrac-
tive and repulsive features, only the
low-density behavior is predictable.
The long-time behavior is predictable
on the basis of various theories, all
basically of hydrodynamic origin, such
as mode-coupling theory, graph-theo-
retical means, and renormalization
techniques. The problem is that, al-
though we have been able, through the
analysis of linear fluctuation-dissipa-
tion, to formulate generally valid corre-
lation-function expressions for the gen-
eralized transport coefficients (at any
density and temperature and for any
intermolecular potential), their evalua-
tion still requires solution of the many-
body problem. Through computer sim-
ulation, however, these expressions are
readily evaluated. Their numerical
evaluation presents a challenge to the
theorists and permits testing their
practical usefulness. There are alter-
native numerical simulation tech-
niques to evaluate both the linear and
nonlinear generalized transport coeffi-
cients that are more akin to real
experiments wherein an external gra-
dient is imposed (see the article by
William G. Hoover, page 44). However,
they suffer from having to deal with
boundary effects that affect a signifi-
cant number of the relatively small
total number of particles that we can
simulate, or from the necessity of
imposing rather steep gradients com-
pared to those in actual experiments.
On the other hand, the fluctuations in
an equilibrium system appear general-
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Intermediate
scattering function
Fik.f) normalized for a
hard-sphere fluid at
V-V, = 1.6 ata high
reduced wavenumber
ko = 25 (closed
circles), compared to
kinetic theory (colored
line) and wavelength-
dependent
hydrodynamics
(crosses), as a function
of time. Figure 6

NEUTRON SCATTERING FUNCTION Fik.t)/F(k,0)

ly to be insensitive to the number of
particles, as judged by studying sys-
tems of various sizes.

One interesting theoretical contro-
versy in the long-time behavior of
autocorrelation functions is worth
some attention, since it has wider
implications: the applicability of what
is called “scaling” in predicting the
long-time behavior in the Lorentz gas.
The controversy arises in what is essen-
tially the quantum version of the two-
dimensional Lorentz gas, and concerns
the question of whether a single elec-
tron moving through a stationary, ran-
domly generated maze 1s localized at all
temperatures and densities. On the
basis of scaling, one can make a predic-
tion of localization (Anderson localiza-
tion}—namely, that the conductivity of
liquid metal films vanishes.® Scaling
implies that the decay of the correla-
tion is universal, independent of the
density of scatterers or the scattering
law (that is, the intermolecular poten-
tial). In the classical case, that does not
seem to be true. The asymptotic decay
in the classical Lorentz gas, for exam-
ple, depends on the type of scatterer, at
least for the two cases examined in
detail. One is the case of disks, the
other of squares (which leads to the so-
called Ehrenfest wind-tree model; see
page 67). One could argue that for
these singular potentials one might get
unusual behavior. However, we also
found’ that for disks the exponent of
the power-law decay is density depen-
dent (that is, not universal), in contrast
to the fluid, where it was density
independent. One could argue that
these numerical studies were not pur-
sued to long enough times to be in the
asymptotic region, although great ef-

| ® 2 a
4 (=] B
TIME (number of collisions)

forts were made in that direction. It
appears more likely, since in the Lor-
entz case no collective phenomenon is
involved, that the decay is determined
by topological or geometric consider-
ations and, hence, that scaling is not
applicable.

Neutron scattering function

Finally, we return to the prediction
of the key time-dependent property,
the neutron scattering function, S(k,w),
or equivalently its Fourier transform
Fk,t), called the intermediate scatter-
ing function. The function S(k,w) plays
the same central role in time-depen-
dent phenomena that the equilibrium
radial distribution function (deter-
mined by x-ray or neutron diffraction)
does for equilibrium properties. To use
generalized hydrodynamics to predict
S(k,w) would result in a tautology since
S(k,w) was used in determining the
generalized transport -coefficients.
However, the significant question in
time-dependent phenomena is whether
we can predict the time evolution of a
fluctuation given the equilibrium prop-
erties of the system. In the context of
generalized hydrodynamies, this
means determining how well S(k,w) can
be predicted, given the wavelength
dependence of the thermodynamic
properties and the transport coeffi-
cients.” If S(k,w) cannot be predicted
accurately, the hydrodynamic relaxa-
tion time is not long compared to the
relaxation time of the individual trans-
port coefficients or the dissipative re-
laxation time. Because the viscosity
relaxes the slowest of all the transport
coefficients, quantitative predictability
implies that the hydrodynamic relaxa-
tion time (vk®)~' is large compared to



that of the stress—stress autocorrela-
tion function. The slow decay of the
stress-stress autocorrelation function
over many collision times at liquid
density can be ascribed to the slow
readadjustment of the fluid structure
at high density to an applied stress.
The slow decay has been called the
“molasses tail” to distinguish it from
the hydrodynamically induced vortex
tail of the velocity autocorrelation
function.

The condition at liquid densities un-
der which only wavelength-dependent
properties are required to predict
S(k,w) accurately includes the entire
wavelength spectrum except the por-
tion corresponding to from 1 to 10
molecular diameters, as long as the
wavelength is greater than one mean
free path (typically Yo the diameter of
a particle). For dense gases, that is, for
densities about half liquid densities,
the wavelength-dependent hydrody-
namic theory works over the entire
wavelength region beyond the mean
free path, because the molasses tail is
absent. The absence of the molasses
tail in the viscosity of liquids at short
wavelength is also responsible for the
initially surprising result that the the-
ory is accurate for dense systems in the
region of wavelengths between the
diameter of the particle and the mean-
free path. This result could have been
expected, since no structural readjust-
ment is necessary for such short wave-
lengths. The accuracy of the general-
ized hydrodynamic theory at short
wavelength and at liquid density is
demonstrated in figure 6. For wave-
lengths greater than 10 molecular di-
ameters, ordinary hydrodynamics pre-
dicts S(k,w) well, as shown in figure 2,
while in the region between 1 and 10
molecular diameters only a viscoelastic
description suffices.

*  w

This work was performed under the auspices
of the US Department of Energy by the
Lawrence Livermore National Laboratory
under contract No. W-7405-ENG-48.
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