
Non-Newtonian phenomena iir
Computer simulations indicate that simple liquids can display a
surprising range of exotic nonequilibrium phenomena, more commonly seen
in systems of macromolecules.
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Almost a hundred years ago, Osborne
Reynolds carried out a simple experi-
ment.1 He filled a leather bag with
marbles, topped it with water and then
twisted it, thereby inducing a shear.
The water level drops because the close
packing of the marbles is disrupted as
layers of marbles slide over each other
during the twisting motion; as a result
the marbles are further apart on aver-
age, creating space that the water has
to fill.

This experiment demonstrates the
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nonequilibrium non-Newtonian pheno-
menon known as shear dilatancy: The
density (number of marbles divided by
total volume, N/ V) decreases when the
system is subjected to a shear at con-
stant pressure and temperature. We
introduce it to bring up two points. The
marble-water system models a dense
hard-sphere liquid, so the first point is
that the experiment illustrates that
non-Newtonian behavior can be asso-
ciated with simple fluids. The behavior
arises from the distortion of the fluid
structure, however, and is to be con-
trasted with intramolecular distortion
often encountered in polymeric li-
quids—for example, a polymer unra-
veling under shear. The pioneers of
fluid mechanics appreciated that the
intermolecular structure of a fluid
distorts under shear. James Clerk
Maxwell, in particular, recognized that
the mere existence of a shear viscosity

in an atomic fluid shows this. Second,
the result of the experiment raises
questions on the assumptions needed to
describe a system out of equilibrium.
For instance, it challenges the common
postulate of local thermodynamic equi-
librium. A complete study of the dy-
namics of the system must include the
time-dependent behavior of thermody-
namic variables (the internal energy
and entropy in particular). The local
equilibrium postulate is that these
variables are defined with respect to
position and time but are assumed to be
related via the expressions of equilibri-
um thermodynamics and to obey the
equilibrium equation of state. For the
marble-water system, or for any dilat-
ant fluid, the hydrostatic pressure is
not the same function of state variables
as it is at equilibrium. Equally, the
thermodynamic potentials cannot be
functions solely of the equilibrium ther-
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simple fluids
modynamic state variables.

Other examples of simple systems
that can be non-Newtonian are known.
For instance, David Burnett showed
fifty years ago that a dilute monatomic
gas is shear thinning—that is, the
viscosity decreases with strain rate—
and exhibits normal stress effects—
that is, the elements of the hydrostatic
pressure are unequal. But the range of
exotic nonequilibrium phenomena that
a simple system can display has per-
haps only become noticed as a conse-
quence of computer simulations. (See

Density variation about a central particle for
a fluid subjected to various amounts of
shear. The darkness of the shading in these
computer-generated plots indicates the
relative probability of finding another particle
at each point. In equilibrium (a) the
distribution is radially symmetrical, with a
maximum near 1.1 radii from the center. At
low shear (b) the pattern is distorted
(somewhat enhanced in the figure). The
departure from a circle is a measure of the
viscosity of the fluid. At high shear (c) the
distortion becomes uneven and the maxima
of the distribution pattern are displaced from
the TT/4 and 377/4 directions of case b. At
high shear there is also a distortion
of the correlation function in the
y-z plane, perpendicular to the plane of the
shear (d). Figure 1
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figure 1.) Simulations of model sys-
tems of spherical particles reveal a
richness of behavior that mirrors qual-
itatively the fascinating rheological
phenomena discussed by Byron Bird
and C. F. Curtiss (page 36): shear
dilatancy, shear thinning, normal pres-
sure differences, visco-elasticity, and so
on. In this article we describe some of
the results. They are extracted largely
from our own studies of a soft-sphere
fluid and of a Lennard-Jones fluid,
using the computer-simulation tech-
nique of nonequilibrium molecular dy-
namics. (See the article by W. G.
Hoover, page 44.)

We studied the model fluids under
shear by simulating what is called
planar Couette flow: the flow between
two infinite parallel plates with a
linear fluid velocity profile of the sort
shown in figure 2a. The strain rate
tensor y for the configuration has one
non-zero element yxy = y = dux /d.y
where ux is the flow velocity in the x-
direction.

A typical simulation evaluates the
energy E and the pressure tensor P for
a system at constant density, tempera-
ture T and y. The pressure tensor has
two contributions: the isotropic (sca-
lar) pressure p and the shear-stress
tensor n. The pressure is defined as

fc.Tr

one-third of the trace of the pressure
tensor, and we can formally separate
the contributions by writing

P =p(y)\ + 11

I is the unit tensor. The behavior of the
shear viscosity coefficient, -q, is of
considerable interest and this coeffi-
cient is defined by the relation

n = -2r](y)y.

Note that the definitions of the pres-
sure and viscosity allow for a depen-
dence on the strain rate y. One can also
investigate the microstructure of the
system by evaluating the pair correla-
tion function or radial distribution
function, g, and one can relate changes
in microstructure, particularly on de-
formation, to the system's properties.
One can also study other aspects of the
flow with similar techniques. Time-
dependent Couette flow, for example,
can be investigated by setting the
strain rate as some specified function of
time.

We will not give computational de-
tails; they are described in Hoover's
article (page 44). A feature, however, of
our recent work is a reformulation of
the laws of classical mechanics in
which thermodynamic variables such
as the temperature, the pressure and
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the shear stress are constants of the
motion. These variations turn out to be
particularly useful in studying the
thermodynamics of shear flows very far
from equilibrium.

Fluid structure under shear
Let us consider first the microscopic

structure of a fluid that can be subject-
ed to a deformation due to an applied
shear. The radial distribution function
girl,r2) represents the variation of the
local microscopic density (that is, the
structure) at a given macroscopic den-
sity and temperature. It gives the
probability per unit volume that a
particle is at position r2 if a particle is
located at r1. This probability is a
function of the strain rate. For a
homogeneous fluid, g depends only on
the relative position of the two parti-
cles, that is on difference r = r2 — r̂
between their vector positions: hence
g = g(r,y). In equilibrium, when y is
zero, the radial distribution is solely a
function of the distance |r| and not of
direction. Figure 3 gives a typical
schematic plot of g(r) for a dense fluid of
spherical particles at equilibrium. The
plot for the marbles in Reynolds's
experiment would be similar. Because
the particles have a finite size, g(r) is
essentially zero for small r; the peak in
probability at distances just larger
than the radius of the particle is due to
its nearest neighbors; for larger radii
the function oscillates, decaying to a
constant value at large r. The function
g(r) is normalized such that a value of 1
means the local density is the macro-
scopic density. The decay in the distri-
bution function indicates the short-
range order in fluids and is the
distinction between the structure of a
fluid and that of a solid. For a dilute
gas, on the other hand, gir) = 1 for all
values of r greater than the diameter of
the particles, because a gas has no
structure at all.

If the fluid is deformed it is essential
to understand how gir,y) depends on
the direction of r. One approach is to
expand gir,y) in terms of spherical
harmonics, y{ m, which separate the
scalar (nondirectional) and tensor (di-
rectional) contributions. If the parti-
cles are indistinguishable their distri-
bution must be symmetrical, and only
terms of even I occur in the expansion.
The lowest-order term (/ = 0) is the
scalar contribution; its value g13' is the
average of g(r,y) over all directions.
For the next order, the terms for 1 = 2,
there are in general five coefficients,
but only three contribute in planar
Couette flow. These are associated
with the directional dependences of the
form r^Jr2, (rx

2 - r^/r2 and rz
2/

r2 — V3. The coefficients are denoted by
g+, g- and g0, respectively.

One can link the coefficients with the
macroscopic properties of the fluid.

These properties depend on the inter-
molecular forces—or the intermolecu-
lar potential function <j>(r)—weighted
by the number of particles to be found
at any distance r from a chosen parti-
cle: the radial distribution function.
Two examples: the pressure is

and the shear viscosity is

g.r'dr

To clarify the physical picture of defor-
mation in a fluid it helps to digress
slightly and remark on Maxwell's
ideas:

According to Poisson's theory of
internal friction in fluids, a viscous
fluid behaves as an elastic solid
would do if it were periodically
liquefied for an instant and solidi-
fied again, so that at each fresh
start it becomes for the moment
like an elastic solid free from
strain.

In our notation, we would say that the
structure of the fluid under a strain
rate y is identical to the structure of a
glass under a strain ry, where r is a
phenomenological relaxation time.
For example, consider a fluid at rest
characterized by an equilibrium distri-
bution function ge (r). Suppose a parti-

Asymptotic behavior
We present here some results from non-
equilibrium molecular dynamics for the
asymptotic behavior of some properties of
a o'-dimensional liquid undergoing planar
Couette flow. (The absolute value of the
strain rate is y.)

d = 2

V(y)= -A\oq(Br)
p(y)=p(0)+Ar\og(By)
E(y) = E(0) + Ay\oq(By)

d=3
V(y) = 7,(0) - A/12

p(y) = p(0) + Ay3'2

E(y) = E(0)+Af<2

i)(co) = rl(0)-A(ia>y/2

V(k) = 7,(0) - Ak3'2

d=4

VM = V(O) - Ay
p(y)=p(0)+Ay
f(}') = E(0) + Ay

All these results pertain to the limiting
behavior as y, a> and k become vanishingly
small. Thermodynamic instabilities restrict
the range of y over which these processes
can be observed. We have used A and B
simply to refer to positive constants unique
to each equation. We have included the
behavior of the viscosity as a function of
wavevector. We include it in the table as a
matter of interest, although we have not
discussed in the article.

cle orginally at r' is shifted on deforma-
tion so that r' -» r. The hypothesis is
that r' = r - ry-r. We thus expect the
correlation function to be

gir,y) =ge(r- ry-r)

and expanding to linear order

g(r,y) = ge (r) - rr-y-(dge /dr)

The term ge is equivalent to the coeffi-
cient g*"' from a spherical harmonic
expansion; the term — yrridge /dr) is
equivalent to the shear-viscosity expan-
sion coefficient g+. As one might
expect, and as we will show, the Max-
well hypothesis is too simple, but the
results from computer simulations in-
dicates it gives a very reasonable pic-
ture of a distorted fluid under low
strain rates, and represents the coeffi-
cient g+ remarkably well even for high
strain rates.

Microstructure. Figure 1 shows what
happens to gir,y) when a model soft-
sphere fluid close to its freezing density
is sheared. The soft-sphere fluid has an
intermolecular potential (f> that be-
haves as 1/r" where n = 12 in our
simulations. It is important to stress
that the actual choice of the model fluid
is not too significant in this context: It
is well known that the form of the
radial distribution function is only
weakly dependent on details of the
potential function.

Figure la shows the structure for
y = 0; that is, it depicts the equilibrium
radial distribution function for the
fluid at rest. The darkness in a region
is a measure of the chances of finding a
particle in a given volume with respect
to the average number of particles per
unit volume: the darker the shading,
the greater the probability. The center
spot represents a reference central
particle. The graph is radially sym-
metric as one would expect. The first
coordination shell, given by the peak in
g for r near 1.1 in figure 3, is clearly
seen as the darkest area.

Let us now apply a shear to the fluid.
Figure lb represents structure for a
sheared fluid in the plane of the shear,
the x-y plane, in the linear region close
to equilibrium. The intensity pattern
is elliptical and reveals an increased
probability of finding particles in the
first and third quadrants. This is
consistent with Maxwell's idea for the
deformation of the equilibrium distri-
bution; the principal axes of the elastic
deformation are, as predicted by Max-
well, at n/A and 3TT/4. The distortion
away from the circle is related to the
shear viscosity and to the product of the
strain rate )' and the relaxation time r,
which is a measure for the lifetime of
such an elliptical distortion of the pair-
correlation function. This relaxation
time could, in principle, be obtained by
measuring how g(r,y) of figure lb re-
laxes back to g(r) of figure la after a
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Velocity field

Couette flow is the motion of a fluid between two infinite parallel
plates moving in opposite directions. We show the resulting velocity
field and the decomposition of the strain-rate tensor into a "rotation"
and "deformation." The strain-rate tensor is the gradient of the
velocity; here it has only one non-zero component, y = dux/dy; the
"rotation" and "deformation" are the antisymmetric and symmetric
traceless parts of the tensor. Figure 2

Strain rate tensor

Rotation Deformation

sudden removal of the strain.
We could also have shown plots for

cross sections perpendicular to the
plane of the shear. However, we have
verified—again for small shear—that
they are circular patterns identical to
that shown in figure la, again consis-
tent with the Maxwell hypothesis.

At high shear rates, one obtains
patterns such as those of figures lc and
Id, for the x-y and y-z planes respec-
tively. Compare figure lc with figure
lb. The deformation of gir,y) is greater,
and the principal axes of the deforma-
tion are changed. Figure Id shows that
even perpendicular to the shear plane
the shear rate is large enough to
introduce distortion. Both of these
features indicate a breakdown of the
simple Maxwell picture and indicate
that the coefficients g_ and g0, which
appear in the spherical-harmonic ex-
pansion for 1 = 2, cannot be zero. It is
precisely the appearance of these terms
that signals the presence of non-Newto-
nian phenomena.

It is not surprising that the simple
Maxwell analogy eventually fails. De-
spite the apparent similarity of our
results with what one would expect for
a solid (glass) under shear, there is an
important difference that should be
stressed here: For a fluid undergoing a

stationary viscous flow, g(r,y) repre-
sents a static picture of an underlying
dynamic phenomenon.

A qualitative understanding2 of the
origins of these non-Newtonian distor-
tions can be obtained by realizing that
the strain-rate tensor has an antisym-
metric part associated with the vorti-
city to, defined as V2VXU, and a sym-
metric (traceless) part, which is the
(scalar) strain rate. For a pictorial
representation of this decomposition in
planar Couette flow see figure 2. The
physical effects associated with the two
contributions (which both are propor-
tional to y) are quite distinct: the
vorticity induces a rotation, the shear-
rate tensor a deformation. In the
regime in which the flow is linear, only
the deformation is "felt" by the fluid
and this causes the elliptical distortion
of g(r) described above. In the case of
nonlinear flow, the vorticity a> causes a
rotation of the primarily distorted
structure away from the n74 and 3n74
directions; this generates the g term
of a spherical-harmonic expansion.
Further deformation of the already
deformed structure generates the g0
term.

Irreversible thermodynamics
A long-standing goal has been to set

up a macroscopic nonequilibrium the-
ory in the spirit of thermodynamics,
not only for its own sake but to put
transport and nonequilibrium behav-
ior, such as the distortion of fluid
microstructure, in a consistent perspec-
tive. Until recently, however, the only
practical theory of irreversible thermo-
dynamics rested on the assumption
that local equilibrium holds and that
the state variables of a system out of
equilibrium have the same functional
relationships as they have when the
system is in equilibrium. However,
these assumptions can only be approxi-
mations and do not hold either in the
Reynolds experiment or in the comput-
er simulations at high shear. In fact,
we know how to compute the difference
in the thermodynamic mechanical
properties, such as the hydrostatic
pressure and the energy, from their
equilibrium values if we know the
dependence of the radial distribution
on the strain rate. This difference is
very real and significant.

However, a practical, verifiable heu-
ristic thermodynamics has been pro-
posed.' It is based on the following:
• We observed from the molecular-
dynamics simulations that the energy
is a state function of the strain rate; in
particular E = E(V,T,y)
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• We know that thermodynamic po-
tentials are scalar quantities, even for a
shearing fluid far from equilibrium
• We also know that a fluid undergo-
ing a shear cannot distinguish thermo-
dynamically between the work done by
compressions acting along different di-
rections relative to the shear
• The Poisson-Maxwell concept as-
sumes a fluid under shear has a struc-
ture similar to a pseudo-equilibrium
fluid that has been subjected to a
strain; we therefore expect a thermody-
namics of a sheared fluid to be at least
qualitatively similar to that of a
strained material; the latter is stan-
dard.4

In short, we postulated that the first
and second laws of thermodynamics
should be modified for fluids to become

dE = dQ - pdV + £dy (1)

where dQ is the total heat adsorbed by
the fluid; the pressure is defined for-
mally as one-third of the trace of the
pressure tensor. Further, we postulate
an entropy S by TdS>dQ.

We propose equation 1 only for
steady states. Thus, for example, if we
achieved the steady state by subjecting
the system to a constant strain rate at a
constant density and keep the tempera-
ture constant by means of a thermos-
tat, dQ must be zero, and the heat
produced in the system by the shear
must be removed exactly by the ther-
mostat.

The quantity f is a strain-rate "po-
tential" defined formally as the deriva-
tive of the energy E with respect to the
strain rate, at constant entropy and
volume. It is a quantitative measure of
the cost in free energy required to pass
between steady states that differ in the
strain rate; this cost in turn is a
reflection of the rearrangements in the
fluid structure as the strain rate is
changed. In more detail, suppose the
system changes from one steady state
(N,V,T,Yi) to another (N,V,T,y2). We
imagine this change occurs through an
infinite sequence of intermediate qua-
sisteady states (N,V,T,y,). In the ;th
intermediate state, once the state has
been established the net heat gained or
lost by the system must once again
vanish, and there must be exact ba-
lance between the viscous heat pro-
duced by the shear and the heat re-
moved by the thermostat. However, we
know from the earlier discussion that
at constant density, volume and tem-
perature, the radial distribution func-
tion gir;N,V,T,y) changes as the system
passes from state i — 1 to state i.
Further, we know that changes in g(r)
will necessarily be associated with
changes in the internal energy and
pressure. Evidently the balance
between the internally generated heat
from viscosity and the heat removed by
the thermostat is upset during the

to evaluate free-energy differences di-
rectly. It is simpler to apply the usual
thermodynamic analysis and, from a
knowledge of various interrelation-
ships of thermodynamic variables, cal-
culate the required properties. For
instance, the strain-rate potential fol-
lows from the Helmholtz free energy,
and one can use the fact that the
pressure is determined solely by the
temperature and density in the dilute
gas limit to evaluate it. In this way one
can show that

1 2

DISTANCE r

Equilibrium radial distribution function g(i):
given a particle at r = 0, what is the relative
probability that a second particle is at the
distance r from the first? In a dense fluid, the
best chance is at 1.1 radii away from the
center. (The distance units are normalized to
the diameter of the particles.) Figure 3

establishment of the new state i from
i — 1 (otherwise energy conservation
would be violated). Some of the viscous
heat apparently provides the energy
required for the structural rearrange-
ment of the new steady state. Thus the
system absorbs net heat during the
quasisteady change 1 —•. . . —• 2.

Unfortunately it is very difficult to
construct this type of experiment and

1.101

1.08 -

_ 1.06 —

P
v dy

C(T,y)

(2)

The term C(T,y) represents the ideal-
gas component of £\

There are several consequences of
equation 1; in particular, one can de-
rive from it thermodynamic interrela-
tionships and consistency checks,
which can be tested numerically via
computer simulation. Here we will
mention three.
• The strain-rate potential y must be
positive. The computer simulations
appear to confirm this. Semiquantita-
tive calculations of C have been made
for simple model fluids, such as the soft-
sphere and Lennard-Jones liquids. We
will not show the results here but it
appears that C is indeed positive and is
a strong function of density at high
densities and a relatively weak func-
tion of temperature.

1.04 -

1.02 -

1.00

ie
m

STRAIN RATE f

Energy as a function of shear. The black dots are the result of molecular-dynamics
calculations of the energy of a Lennard-Jones fluid at its triple point at constant temperature and
volume (left-hand scale);the energy increases as j^ /2.The blue spots are results of a calculation
of temperature at constant energy and volume (right-hand scale). As equation 3 predicts (see
text), the temperature decreases with increasing strain. The straight line is a prediction of the
energy from an independent calculation of the specific heat, again using equation 3 to compute E
from Cvy. The fit is clearly excellent. (The units for these computer-generated graphs are
normalized to standard values.) Figure 4
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• The following relation should hold

dy)E,y \dy)r.v\Cv,r ' ^
where Cvy is the specific heat at
constant volume and shear rate. The
equation leads to the perhaps surpris-
ing prediction that if the energy in-

• creases with shear at constant tempera-
• ture and density, the temperature
; should drop with increasing shear rate
1 at constant temperature, volume and

internal energy. A test of equation 3 is
represented by figure 4 which shows
the direct molecular-dynamics calcula-
tion (shown as black dots) of the energy
as a function of the strain rate at

; constant temperature and volume for
the soft-sphere liquid close to its freez-

; ing. The energy increases with strain
: rate according to y3'2. The red dots in
> the figure are the direct calculations of
; the temperature as a function of strain
i rate at constant energy and volume.
1 One sees that the temperature also

varies as y3'2 and does in fact decrease,
f in agreement with the thermodynam-
i ics. Furthermore, using a separate

calculation of Cvy(y) and the results for
the variation of 7Xy), we predicted E(y)

i. from equation 3. The prediction is
i shown as the curve in the figure. The

thermodynamic prediction is in excel-
lent agreement with the direct simula-

i tion.
• From a study of thermodynamic
fluctuations about a steady state for a
fluid undergoing Couette flow, we have
concluded that if the pressure varies
with the strain rate as y™ at constant
temperature and density, then m is
strictly less than two. All the results
from simulation, for many model
fluids, are consistent with this conclu-
sion. For a three-dimensional dense
liquid, the pressure seems to vary as
y3'2, consistent with the energy vari-
ation shown in figure 4. The variation
of the pressure is thus nonanalytic.

Viscosity coefficients
The prophet Deborah remarked that

the mountains flow before the Lord.
Not only did she realize a similarity
between the solid and the liquid via the
concept of a time dependence, she also
appreciated the idea of a time scale:
the mountains flow, but on the Lord's
time scale, not man's.5 The Deborah
number for a material is the ratio
between a characteristic time for a
process and an observation time. If the
characteristic time is taken6 as the
time particles remain in a given equi-
librium configuration before moving by
diffusion to another, and if the observa-
tion time is, as it usually is, of the order
of seconds, then a large Deborah num-
ber is associated with solids and a small
number with liquids. But clearly, we
can make the observation time very
short, effectively increasing the De-

FREQUENCY;

Frequency dependence of the viscosity of the Lennard-Jones fluid at its triple point. At low fre-
quencies the viscosity appears to vary as the square root of the frequency. (The units for these
computer-generated graphs are normalized to standard values.) Figure 5

borah number. Consequently, as was
appreciated long ago, a fluid can re-
spond elastically, like a solid, when a
mechanical force is suddenly applied.
Over a longer time the fluid cannot
support the force and will flow. A fluid
is thus viscoelastic. The phenomenon
is often illustrated7 in textbooks by a
simple model called a "Maxwell ele-
ment." The model consists of a spring
connected in series to a dashpot (a
piston in a cylinder). Stretching the
spring represents elastic deformation,
moving the piston represents viscous
flow. Note that stretching a spring can
be considered a time-independent and
essentially reversible effect, whereas
moving the piston is time dependent
and irreversible. If one stretches the
element suddenly, only the spring can
respond, and the model behaves like a
solid. If the extension rate is small,
however, the spring does not extend
appreciably, but the piston moves—
that is, the model represents the liquid.
We can write for the dashpot FI = — r/y
and for the spring U = — Ge where G is
the shear modulus and e is the strain.
Because the rate of change of e is just y,
the two relations can be combined and
solved. The solution gives the relaxa-
tion time r as TJ/G. TO a first approxi-
mation this is the characteristic time of
a material and is also the time a
distorted fluid microstructure takes to
relax to its equilibrium configuration.

As with other analogies of the fluid
with a solid one should be cautious in
carrying the analogy too far. It does
exclude the dynamic nature of a fluid's

response to a shear, and it excludes the
concept of a fluid element rotating
under deformation.

The most general (but linear) rela-
tionship between stress and strain rate
is8

Jl(t) = - rj(t- s)yis)ds (4)
Jo

The time-dependent kernel is called the
viscosity memory function. This con-
stitutive relation shows that the stress
— l\(t) is not only proportional to the

concurrent value of the strain rate y(t)
but rather is a linear functional of the
strain-rate history.

This memory function can be written
more compactly by performing a Four-
ier transform to the frequency domain:

nxy(o)= ~rj(w)y[co) (5)

The time-independent Newtonian vis-
cosity is just the zero-frequency limit of

In the linear regime, the memory
function is given by the so called
Green-Kubo relations which involve
the equilibrium stress autocorrelation,
that is, by expressions of the form

The Green-Kubo relations immediate-
ly tell us that all fluids are viscoelastic
because equilibrium stress fluctuations
must take a finite time to decay. The
reciprocal of this decay time gives the
characteristic frequency for the
changeover from viscous to elastic re-
sponse in a fluid. Maxwell was the first
to realize that memory is the origin of
viscoelasticity and that the real and
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imaginary parts of fjico) describe respec-
tively the viscous and elastic response
of the fluid.

The Green-Kubo expressions are
powerful and E. G. D. Cohen (page 64)
and Berni J. Alder (page 56) discuss
some of their consequences. The ex-
pressions only pertain to the limiting,
linear regime close to equilibrium,
however, and corresponding fluctu-
ation relations for nonlinear transport
coefficients are not known. Conse-
quently the only method for calculat-
ing nonlinear transport coefficients
known at present is nonequilibrium
molecular dynamics.

To illustrate the variation of t) over a
wide range of a>, we show in figure 5
f/(o)) as calculated by molecular dynam-
ics for the Lennard-Jones fluid at its
triple point. The viscosity appears to
vary as the square root of the frequency
at low frequencies. From equations 4
and 5 we see that behavior as col/2 at
low frequencies implies a slow, algebra-
ic decay as t ~3/2 of the memory function
y(t), at long times.

Actually, slow, t ~3/2 decays of mem-
ory functions were first observed in
equilibrium calculations of the mem-
ory function for self-diffusion by Alder
and Thomas E. Wainwright. This
"long-time tail" is thought to be com-
mon to the memory function of all
Navier-Stokes transport coefficients.
Theorists currently believe that highly
collective (hydrodynamic) processes are
responsible for these long-time tails.
The exponent governing the decay
appears to be independent of the na-
ture of the interaction potential—de-
pending instead upon more general
quantities such as the dimensionality
of the system.

For comparison, figure 6 gives the
variation of the viscosity r](y) as a

en
z>
CO
CO

- 2
- 2 - 1

STRAIN RATE log y

Pressure of a two-dimensional soft-disc liquid as a function of strain rate. The liquid is near its
freezing point. At high strain rate Lp = p(y) - p(0) varies as y log y, but at low strain rates Ap/y\s
essentially independent of y. The authors believe the change represents a thermodynamic
instability consistent with the formalism described in the text. The colored dots indicate another
extrapolation to low y, an extrapolation for which the instability has been suppressed. (The units
for these computer-generated graphs are normalized to standard values.) Figure 7

function of the strain rate, again for the
Lennard-Jones fluid at the triple point.
Nonanalytic behavior is seen once
more, with the viscosity varying as the
square root of the strain rate. In
rheological terms, the Lennard-Jones
fluid is "shear thinning." What is
perhaps surprising is that the viscosity
appears to vary as the square root of
the strain rate until it is only 10
percent of its limiting zero shear rate
value. This result implies that the
Burnett expansion of r](y) (a Taylor
series expansion of 77 in powers of y) is
divergent. There is an interesting de-
bate on the possible relationship
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Strain-rate dependence of the viscosity of the Lennard-Jones fluid at its triple point, and at
zero frequency. (The intercept here is the same as in figure 5.) The viscosity varies as the square
root of the strain rate over a wide range. (The units for these computer-generated graphs are
normalized to standard values.) Figure 6

between the coefficients for the a1'2

term of r/(co) and the yu2 term for rj(y).
We should mention that, while current
theory predicts correctly the exponents
in figures 4-6, there is as yet no theory
which predicts correctly the amplitude
of the tails implied in the figures.

Two and four dimensions
Finally, let us note that one of the

fascinating aspects of computer simula-
tion is the possibility of obtaining
"experimental data" for systems that
do not occur in nature yet are amena-
ble to theoretical analysis. One can get
results which, although artificial, can
lead to a better insight to the phenom-
ena concerned. The work we have
described here lends itself to such a
treatment. We have seen that the
properties of a sheared system depend
on the applied force through appropri-
ate exponents, which, however, appar-
ently depend on the dimensionality of
the system rather than on the nature of
the fluid. We thus conclude our discus-
sion with some results for the two-
dimensional soft disc fluid and for the
four-dimensional fluid. We will show
the results are consistent with the
thermodynamic consequences of the
previous section.

Figure 7 shows the pressure for a
system of soft discs close to the freezing
transition undergoing Couette flow.
The graph indicates that at high strain
rates p(y) varies as y log y. Below a
critical strain rate, close to where the
pressure would become less than the
corresponding equilibrium pressure,
the pressure becomes essentially inde-
pendent of strain rate. However, this
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phenomenon is to be expected! The
thermodynamics predicts that the
strain-rate potential f is positive. If
p(y) goes as ylogy, then equation 2
predicts thermodynamic instability for
small enough strain rates. So the
y log y dependence cannot hold for low
values of y. Furthermore, we believe
that the instability at low y manifests
itself by the flow's developing convec-
tive cells, so that it is no longer planar
Couette flow below the critical strain
rate. Moreover, we can sense the onset
of these convective cells in a further
computer simulation by using Maxwell
demons. We set up these demons to
exert transverse forces that restore the
planarity of the flow. When we per-
form the simulation under these condi-
tions, we see the logarithmic functional
forms over the entire range of strain
rates.

As an aside, we remark that this
thermodynamic instability is peculiar
to two dimensions and is qualitatively
different from the onset of Reynolds
turbulence in three-dimensional sys-
tems at high shear rates. The thermo-
dynamic instability occurs at low shear
rates in a finite range of shear rates
about the equilibrium state. Its onset
is related to thermodynamic properties
intrinsic to the fluid and the dimen-
sionality of the system, not to a macro-
scopic length scale as in Reynolds
turbulence.

A summary of all the constitutive
relations observed by us is given in the
box on page 28. We find that four
dimensions rj(y) and p(y) vary linearly
as y. Again we find that the dilatancy
exponent is less than two, in agreement
with the thermodynamic inequality.

Part of this work was carried out at the
National Bureau of Standards and was
supported by the Department of Energy,
Office of Basic Energy Sciences. The Office
of Standard Reference Data /National Bu-
reau of Standards/ sponsored segments of the
program in its early stages. We are grateful
to Karen Bowie and Dave Obitts for their
help in preparing the article.
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