
Nickel says the 21-term brute-force cal-
culation would probably have taken
several years.

Once he had the series, he "had to
play extrapolation games" to estimate
the critical exponents. He made a
series of estimates, keeping more and
more terms, and found that a plot of
estimates vs. number of terms is very
flat up until 12 or 15 terms. If you had
stopped calculating there, as previous
theorists had done, you would assume
that y — 1250 was close to the right
answer.

This change can plausibly be inter-
preted, Nickel told us, as the result of
competition between the leading diver-
gence, (T—Tc) "'', and a weaker but
still divergent term also near Tc, which
is expected to be there. The effect of
this weaker divergence on the esti-
mates of y will n°t be negligible unless
you have calculated enough terms.

But are 21 terms enough? At pre-
sent, Nickel finds y= 1.238 + 0.003
and v = 0.631 + 0.003, in good agree-
ment with the renormalization-group
calculations. One recently quoted 12-
term series estimate for y was
1.250 + 0.003, a 1% difference in re-
sult. Thus Nickel's work suggests that
previous error estimates in series cal-
culations were a factor of three or four
too low.

The new error estimates made by
Nickel may also not be realistic, he told
us. So now he is collaborating with
John Rehr (University of Washington)
in analyzing the 21-term series by
methods that explicitly account for the
weaker divergent terms.

Although Nickel has only done such
a long series expansion for the bcc
lattice, according to the universality
principle, the critical exponents are
identical for whole classes of sys-
tems. So Nickel believes his bcc results
can be applied to other lattice geome-
tries because they are all in the same
universality class. He says, "The good
news is that at present the evidence
from high-temperature series is consis-
tent with the renormalization-group
picture of the critical point. The bad
news is that we have learned how easy
it is to be misled by the apparent
convergence of estimates from short
series and that to exclude, with reason-
able confidence, the possibility of a
violation of hyperscaling or universal-
ity or the complicated critical region
behavior as envisaged by Baker and
John M. Kincaid [earlier this year] will
require much more effort in deriving
longer series."

Baker, although enthusiastic about
Nickel's new series terms, says he
doesn't believe Nickel has shown his
extrapolation procedures to be better
than either traditional methods or vari-
ational procedures. Concerning his old
speculation that hyperscaling does not

hold, Fisher says, "I'm sitting on the
fence."

Kadanoff is convinced that Nickel
has shown that the left- and right-hand
sides of equation (2) are consistent. "We
have other extremely good reasons for

believing that the scaling phenomenol-
ogy and renormalization-group theory
are right. Nickel has weakened the
strength of the apparent discrepancy.
Now we can return to our theoretical
prejudices." —GBL

Great undersea waves may be solitons
Peculiar striations more than a hun-
dred kilometers long, visible on satel-
lite pictures of the surface of the Anda-
man and Sulu Seas in the Far East,
appear to be of interest in fields as far
removed from oceanogaphy as quan-
tum field theory. A recent report1 of
underwater current and temperature
variations associated with such surface
phenomena in the Andaman Sea, by
Alfred Osborne, a physicist at Exxon
Production Research (Houston), and
Terrence Burch, an oceanographer
with EG&G Environmental Consul-
tants (Waltham, Mass.), suggests that
these striations mark the propagation
of "solitons," exotic solutions of nonlin-
ear wave equations that have captured
the interest of mathematical physicists
studying a broad range of phenomena
spanning 22 orders of magnitude in
size.

The surface striations seen in the
satellite pictures are interpreted as
secondary phenomena that accompany
the passage of "internal solitons," soli-
tary wavelike distortions of the bound-
ary between the warm upper layer of
sea water and the cold lower depths.
These internal solitons are traveling
ridges of warm water extending down-
ward hundreds of meters below this
thermal boundary. Carrying enor-
mous energies, these presumed solitons
appear to be the cause of the usually
strong underwater currents periodical-
ly experienced by Exxon's deep-sea
drilling rigs between Sumatra and the
Malay Peninsula in the Andaman
Sea. They have even been implicated
in the mysterious disappearances of
several submarines. If one wants to
continue deep-sea drilling for oil in
areas where solitons occur, one will
have to build drilling and production
facilities that can withstand the large
horizontal forces they generate.

John Apel and James Holbrook of
the Pacific Marine Environmental Lab-
oratory (Seattle) will report the results
of their recent studies in the Sulu Sea,
between Borneo and the Philippines, at
the December meeting of the American
Geophysical Union in San Francisco.
Noting that these great internal waves
usually appear in groups of up to ten,
they prefer to describe them as damped
"cnoidal" wave trains, a nonlinear hy-
drodynamic phenomenon closely relat-
ed to solitons, and sharing most of their
bizarre properties.

The history of solitons has its colorful
beginning with a fortuitous observa-
tion in 1834 by the Naval architect
John Scott Russell, while riding on
horseback alongside a Scottish canal. "I
was observing the motion of a boat...
which suddenly stopped—not so the
mass of the water in the channel which
it had put in motion . . . Suddenly leav-
ing it behind, (it) rolled forward with
great velocity, assuming the form of a
great solitary . . . well defined heap of
water, which continued along the chan-
nel apparently without change of form
or diminution of speed. I followed it on
horseback . . . st i l l rolling on
a t . . . eight or nine miles an hour, pre-
serving its original figure. Its height
gradually diminished, and after a chase
of one or two miles I lost it in the
windings of the channel."

Standard linear dispersive wave the-
ory does not permit such solitary waves
of constant shape, even in the limit of a
frictionless fluid. A "well defined heap
of water" would rapidly lose its shape
by frequency or amplitude dispersion.
Not until D. J. Kortewegs and Hen-
drick de Vries wrote down the appro-
priate nonlinear wave equation in 1895
was it seen that localized nondispersive
solitary waves could exist. In their (K-
de V)equation, as in other nonlinear
wave equations that admit of soliton
solutions, the shape-preserving solitary
waves result from a cancellation of the
dispersive term by the nonlinear
term. Unlike ordinary dispersive lin-
ear waves, the solitons have only crests,
unaccompanied by troughs (with re-
spect to the equilibrium surface).

It was another 70 years before Mar-
tin Kruskal (Princeton) and Norman
Zabusky (now at the University of
Pittsburgh) discovered the peculiar
property of these solitary-wave solu-
tions that led them to the name "soli-
ton"—a coinage suggestive of a parti-
cle. From computer-generated
numerical solutions of the K-de V
equation, they discovered in 1965 that
the solitary waves preserve their shape
and velocity even when they pass
through one another. We have then
highly localized entities that preserve
their identities as they propagate—and
even when they "collide." Small won-
der that quantum field theorists specu-
late that solitons may describe as-yet-
undiscovered elementary particles—in
particular, magnetic monopoles.
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Although people had written down
special soliton solutions of the K-de V
and other nonlinear wave equations of
physical interest such as the sine-Gor-
don and nonlinear Schrodinger equa-
tions, there was before 1967 no analytic
procedure for finding the exact solu-
tions of such equations with arbitrary
initial conditions. In that year Krus-
kal and his Princeton colleagues Clif-
ford Gardner, John Greene and Robert
Miura discovered such a technique for
the K-de V equation, allowing one to
predict precisely the solitons that
would emerge among (and run away
from) the conventional linear waves in
any given situation.

This "inverse scattering method"
developed by Kruskal and his cowork-
ers was quickly generalized to a large
class of nonlinear wave equations
that had previously been intractable,
producing something of a revolution
in mathematical physics. Among the
newly soluble equations, those that
have soliton solutions have found ap-
plication in fields as diverse as mag-
netohydrodynamics, Josephson junc-
tions, organic conductors, crystal-
lattice theory and even the Great Red
Spot in Jupiter. These successes,
however, have for the most part been
restricted to wave equations that are
one-dimensional in space. Solitons
have shown a tendency to be unstable
in higher dimensionalities. Harvey
Segur of Aeronautical Research Asso-
ciates (Princeton) believes that the
primary importance of the Andaman
and Sulu Sea findings is the demon-
stration that stable solitons apparent-
ly do show up in the real multidimen-
sional world—outside of special
confined geometries cooked up in the

laboratory.
Osborne and Burch were asked by

Exxon in 1976 to investigate the unusu-
al underwater currents that were peri-
odically arriving at an oil rig drilling in
3600 ft of water at the southern end of
the Andaman Sea basin, near the en-
trance of the Malacca Strait, which
separates Sumatra from the Malay
Peninsula. Before setting out to do
underwater measurements in the fall
of 1976, they had seen Apel's survey of
computer-enhanced LANDSAT pictures
and other satellite photos showing 100-
km-long striations on the Andaman
Sea, separated by 6 to 15 km and
grouped in packets of typically 4 to 8.
The average period between arrival of
successive packets at their research
vessel, 12 hours 26 minutes, made it
obvious that this was a tidal phenom-
enon of some sort. From the spacing
between these semidiurnal packets it
followed that their group velocities
were as high as 2\ meters per second, an
unusually high speed that indicated
this was a strongly nonlinear wave
phenomenon.

Osborne and Burch took data for four
days with the research vessel sitting
five miles from Exxon's drill ship Dis-
coverer 534, which was at the time
setting a world record for deep-water
drilling. They measured underwater
currents and temperatures from a spe-
cially instrumented mooring anchored
to the sea floor 3600 ft below and
buoyed up by a subsurface float. Addi-
tional temperature measurements
were made with an "expendable bath-
ythermograph," a weighted thermistor
cast into the sea, that sends back tem-
perature measurements over a fine
magnet wire as it falls to the bottom.

As observed on the surface, the stri-
ations seen by the LANDSAT, Apollo-
Soyuz and ERTS-I satellites turned out
to be kilometer-wide bands of extreme-
ly choppy water stretching from hori-
zon to horizon, followed by about two
kilometers of water "as smooth as a
millpond." These striking bands of
agitated water are called "tide rips,"
because seamen who have observed
them in the past erroneously took them
to indicate tidal movement over un-
charted shoals. The tide rips reached
the research vessel at intervals of about
an hour (corresponding to spacings of 5
to 10 km), until a packet of 4 to 8 such
bands had passed. This spectacle re-
peated itself with the regularity of the
semidiurnal tidal period.

The submerged instruments showed
that each tide rip corresponded to the
leading edge of the two- to three-kilo-
meter-wide traveling ridge of warm
water protruding down from the warm
"mixed layer," the upper 50 meters of
the sea. Isotherms dipped as much as
60 meters below their quiescent depths
at the maximum of the traveling inter-
nal wave. The amplitude of each suc-
ceeding soliton in the packet—mea-
sured by the downward distortion of
the isotherms—was less than the one
before. This is precisely what one ex-
pects for solitons. The velocity of a
soliton increases with amplitude—a
characterististically nonlinear phe-
nomenon already noted by Scott Rus-
sell. Thus if a number of solitons are
generated together, the larger ones
pass through and outrun the smaller,
presenting finally a ranked order of
solitary waves of decreasing amplitude
from front to rear. One must not of
course confuse these internal solitons,

Satellite picture of the Sulu Sea, between Borneo and the Philip-
pines, shows packets of extraordinary striations more than 100 km
long. Observations from a Pacific Marine Environmental Lab research
vessel show that these bands of choppy water travel at unusually high

speed and persist intact for 400 km. They are interpreted as surface
manifestations of internal soliton packets generated by tidal flow over
a shallow sill between Pearl Bank and Laparin Island. Dots on the
map indicate the three stations where most of the data were taken.
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Dedication of the Very Large Array on the Plains of San Augustine, New Mexico on 10
October. The $78-million facility, whose construction began in 1972, consists of 27
dishes arranged in the shape of a Y; two arms are each 21 km long and the third is 19 km
long. The design capability is one or two orders of magnitude higher in sensitivity and
angular resolution than any existing array. Each of the 27 parabolic dishes is 25 meters in
diameter and fully steerable.

Persons identifiable on the platform (from left) are: Manuel Lujan (Representative from
New Mexico), Carl Heiles (Berkeley), Harrison Schmitt (Senator from New Mexico),
Donald Langenberg (Deputy Director, NSF), Bruce King (Governor of New Mexico),
Morton S. Roberts (Director of the National Radio Astronomy Observatory) at the
rostrum,David S. Heeschen (former NRAO Director), Frank Press (President's Science
Adviser), Frank Johnson (NSF assistant director), John Slaughter (Director Designate of
NSF), Pete Domenici (Senator from New Mexico), Jack Lancaster (VLA project manager),
and Gerald Tape (President, Associated Universities Inc).

propagating along a boundary between
fluid layers, with Scott Russell's sur-
face solitons.

From the spacing between successive
waves in a packet and the rate of
separation calculated from the K-de V
equation, Osborne and Burch were able
to estimate the distance the packet had
travelled from its origin, and thus to
identify possible source regions. They
concluded that the solitons are generat-
ed by tidal currents washing over shal-
low "sills" off northern Sumatra or
between islands of the Nicobar chain
that extends beyond it.

The underwater current meters ob-
served a rapid circulation of water
associated with the solitary waves, in
good agreement with what the K-de V
equation predicts for internal solitons.
The underwater current, with speeds
up to 4 knots, goes downward at the
leading edge of the wave, passing under
it and re-emerging on the lee side. It is
the interaction of this internal circula-
tion with ordinary surface waves that
produces the tide rip—and also the
unusual band of calm water, as it
"sweeps the sea clean" of little waves
behind the agitated leading edge. The
horizontal forces experienced by Exx-
on's drilling rigs appear to result from
the horizontal component of the inter-
nal circulation accompanying each soli-
ton.

The solitary waves predicted by the
K-de V equation have widths inversely
proportional to the square root of their
amplitude, and corrections to the lin-

ear wave velocity proportional to the
amplitude. That is to say, the taller (in
this case deeper) waves are faster and
skinnier. For the case of a thin, warm
surface layer above a deep colder layer,
the K-de V equation predicts internal
waves of depression, the warmer water
protruding down. Osborne and Burch
conclude that, despite the irregular
geometry of the Andaman Sea, their
observations are in good overall agree-
ment with the characteristics of inter-
nal solitons predicted by the K-de V
equation.

Apel and Holbrook set out last April to
study in detail the production mecha-
nism for these great internal waves in
the Sulu Sea. From numerous satellite
pictures they had concluded that the
waves were radiating northward from
a very localized source near the south
end of the Sea—a shallow sill between
Pearl Bank and Laparin Island in the
Sulu a rch ipe lago . Hav ing been
warned by Philippine authorities that
Pearl Bank was a favorite rendezvous
point for the Moro pirates who infest
the region, they added 50-caliber ma-
chine guns and Phillippine marines to
their inventory of thermistors, current
meters and echo sounders.

To study the evolution of the waves
from source to extinction, they put out
three sets of instrumented moorings: at
the presumed source, in the "near
field" (100 km downstream), and in the
"far field" (200 km downstream). Their
ship also profiled the waves with towed
instruments and echo sounders. The

echo sounders were used to map sur-
faces of constant density by bouncing
acoustical signals off the underwater
plankton that bob down and up again
with the passage of the internal waves.

The ship followed one wave packet
more than 400 km north to its extinc-
tion on the shoals of Palawan Island.
At 2i meters/sec, the wave packet thus
travels more than 2 days intact as it
spreads across the sea—an extraordi-
narily coherent phenomenon in what
Apel describes as "a very noisy medi-
um."

He and Holbrook conclude that the
wave packets are produced by "lee
wave formation"—a mechanism simi-
lar to the undulation of the jet stream
as it comes out of a mountain range. As
the semidiurnal tidal current flows
south out of the Sulu Sea, an internal
lee wave forms on the southern (outer)
edge of the shallow sill between Pearl
Bank and Laparin Island. As the tidal
flow goes to zero six hours later, the lee
wave, trying to maintain its group ve-
locity relative to the current, escapes
north over the sill barrier back into the
Sulu Sea, emerging as a packet of
internal waves. This phenomenon had
previously been studied on a smaller
scale in fjords, by David Farmer and
James Smith of the Institute of Ocean
Studies in British Columbia, and in the
laboratory by Tony Maxworthy at the
University of Southern California.

Apel argues that it is a contradiction
in terms to speak of a packet of soli-
tons. He points out that the K-de V
equation has a more general solution
that he believes to be a better descrip-
tor of their data than is the limiting
soliton case. When the nonlinear pa-
rameter, n, is at unity, the K-de V
equation generates solitons. In the
other limit, n = 0, one gets ordinary
sinusoidal waves. In the intermediate
case, one gets cnoidal waves, a train of
Jacobi elliptic functions. Apel and
Holbrook find from the data that n is in
fact less than 1, going as low as 0.43.
They feel that the internal wave pack-
ets are well described as damped cnoi-
dal wave trains with a wavelength of 6
to 10 km. These cnoidal waves would
share most of the peculiar properties of
solitons, such as high speed and preser-
vation of shape. But the cnoidal de-
scription, Apel told us, treats the rela-
tions between successive waves in a less
ad hoc manner than does the soliton
solution. Burch points out, on the
other hand, that the rigorous inverse-
scattering method describes the gener-
al time-dependent solution of the K-de
V equation entirely in terms of solitons
and linear waves, without resort to
cnoidal functions. —BMSD
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