
The cosmic numbers
The large dimensionless numbers in cosmology
have led to fascinating questions about the possible
significance of their puzzling coincidences

Edward R. Harrison

Cosmic numbers have intrigued mod-
ern cosmologists ever since puzzling
coincidences were first noticed between
some of the large dimensionless con-
stants. Here I will try to show not
only that these numbers are inter-
esting, but also that they are possibly
important to our understanding of the
physical world. Have the coincidences
always existed or is it merely fortuitous
that they occur at the present stage of
evolution of the universe?

Discussions of the possible signifi-
cance of cosmic numbers started with
Hermann Weyl's paper1 in 1919.
Later, Sir Arthur Eddington,2 Paul A.
M. Dirac,3 Pascual Jordan,4 Robert H.
Dicke,5 Oskar Klein,6 George Gamow7

and many others found these numbers
a source of inspiration in their studies
of the universe. One of the most re-
markable coincidences connected with
cosmic numbers may be found in Ar-
chimedes' superb paper The Sand
Reckoner8 submitted to king Gelon,
which anticipated by more than two
thousand years the famous Eddington
number of 1080 nucleons in the uni-
verse.

The ratio of the electromagnetic and
gravitational coupling constants for an
electron and a proton is the large di-
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mensionless number TVi, defined as

0)
where e is the electron charge, mn the
nucleon mass, me the electron mass,
and G the gravitational constant. The
ratio of the strong9 and gravitational
coupling constants for two nucleons is
also approximately N1. This number
plays a basic role in astrophysics. A
spherical configuration of ionized hy-
drogen, in which long-range gravita-
tional interactions are in equilibrium
with short-range Coulomb interactions,
contains approximately Nx3'2 nucleons
and has therefore a stellar mass of
mn]Vi3'2 = 90M© (where MQ is the mass
of the Sun).

Occasionally, in place of iVj we find
other numbers substituted; for exam-
ple

and
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Notewhere h is Planck's constant
thatmn(iV1")3/2 = 2Mo.

The ratio of a characteristic cosmic
distance and a characteristic intrinsic
size of an elementary particle is

L
a (3)

where L = cr is the Hubble distance, r

is the inverse of the Hubble parameter
(or roughly the age of the universe,10

about 1010 years), and a is either the
classical electron radius, 2.8 X 10~13

cm, or the pion Compton wavelength,
h/mwc = 1.3 x 10"13cm.

Magic numbers

The order-of-magnitude coincidence
iVi » N2 (4)

between two dimensionless numbers as
large as these is rather striking. This
coincidence, and its possible deep
physical significance, has provoked in-
numerable discussions and inspired a
variety of cosmologies. Less well
known, perhaps, is the sequence of
"magic" or "cosmic" numbers

1, N1'2, N, N3'2, W, N3,... (5)

displayed in the Table (page 34). In
this sequence, which exists because of
the coincidence of JVi and N2, N de-
notes the (iVi" 7V2«)1/(P+«» combination
in which p and q are integers. The
rough calculations in the box on page
34 indicate how these dimensionless
numbers are obtained.

One can also interpolate, tentatively,
quarter-integral powers of N. Photons
of the 3K background radiation (and
background neutrinos) are TV1'4 times
as numerous as nucleons in the uni-
verse. This means that the entropy of
the universe is N9/ik, where k is
Boltzmann's constant, and also the
number of baryons and antibaryons is
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The sand reckoner

Interest in large dimensionless num-
bers is not new. Archimedes may have
been the first to wonder what was the
largest physically significant number
in the universe, but in his case he had
to cope with what appears to us to be
a difficult number system.

In Jhe third century BC the Greeks
had a numerical system with which
they could count conveniently up to
M2, where M is a myriad, which is
104. Numbers greater than a myriad
myriads in this system were expressed
symbolically in a cumbersome and
awkward fashion.31 Archimedes in-
troduced a numerical system,32 "the
naming of numbers," based on the
Greek notation of counting from 1 to
M2, which was capable of expressing,
concisely, extremely large numbers.
In his system, the number expressed
as "p units of the gth order and the rth
period," is

w2[(<7-l) + (pm

where p, q and r are integers in the
range 1 to M2.

In his paper, The Sand Reckoner,6

Archimedes applied this numerical
system to the problem of calculating
the maximum number of grains of
sand the universe could contain.
With data from the work of Aristar-
chus he estimated that the diameter of
"the sphere of fixed stars" in stadia is
no more than a hundred myriad units
of the second order and first period,
and therefore the maximum number of
grains of sand that could be contained
within the sphere of fixed stars is a
thousand myriad units of the eighth
order and first period. Hence, in our
notation, the maximum number of
grains of sand is

1 0 7 X i o 8 1 8 - 1 1 = 1 0 6 3

Archimedes' grains of sand were
extremely small. He assumed that a
poppy-seed has a diameter 1/10 of a
finger-breadth and a volume equiva-
lent to that of a myriad grains of sand.
Taking a finger-breadth as 1 cm, and
the density of sand grains as roughly 3
g cm~3 , we find that each of his
grains of sand has a mass 1.6 X 10~7

g, and consists therefore of 1 x 1017

nucleons. Hence, according to Archi-
medes' calculations, the universe con-
tains a maximum of 1O6 3 + 1 7 = 1080

nucleons.

"There are some, king Gelon, who think
that the number of the sand is infinite in
multitude..."

Mm

• ^ 3 < '
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TV174 times the baryon number in the
early universe.14 The mass of a galaxy
such as our own is A/774 nucleon mass-
es, and is N~1/4: the mass of the Hub-
ble sphere. I find these numbers
amusing, and it is clearly a matter of
personal taste whether or not one at-
taches any real significance to the
existence of these quarter-integral
powers of N.

Dirac's principle

Dirac3 has postulated: "Any two of
the very large dimensionless numbers
occurring in Nature are connected by a
simple mathematical relation, in which
the coefficients are of order-of-magni-
tude unity." But N2 is proportional to
T according to equation 3, and there-
fore those numbers compounded from
N2 vary with time as the universe ex-
pands and their present orderly rela-
tion breaks down at other epochs.
And there is the rub. Is Dirac's prin-
ciple and the pleasing sequence of inte-
gral, half-integral and perhaps quarter-
integral powers of N the result of a
mere fortuitous accident of our present
era?

The cosmic-number dilemma posed
by Dirac's principle and the sequence 5
can be side-stepped in various ways.
In the steady-state theory15 the Hub-
ble distance, and therefore N2, is for-
ever constant. (See figure 1.) In the
Eddington picture,2 the cosmological
constant A (or rather A~1/2) and not
the Hubble distance is the cosmic
yardstick against which everything is
measured; therefore N2 remains per-
manently equal to A^. Both are anti-
bigbang models of the universe and
therefore encounter difficulty in ex-
plaining the 3K microwave background
radiation, which is thought to be a
remnant of the big bang.16

Dicke17 has proposed a remarkable
solution of the problem. In the distant
past N2 was small when nobody was
around to take note of its value. Intel-
ligent life does not emerge until the
first generation of stars evolve and pro-
duce by nucleosynthesis the requisite
elements of complex biological sys-
tems. But by this time N2 has at-
tained a value similar to N± and no
gross discrepancy is apparent. The
lifetime of a star is typically

ts tar = 10~2c2 mass/luminosity (6)

where 10"2 is approximately the frac-
tional mass difference of a helium nu-
cleus and four protons. The maxi-
mum possible luminosity-mass ratio
3Gmnc/2a2 occurs when radiation pres-
sure on the electrons in a stellar atmo-
sphere equals the gravitational pull on
the ions. Such a luminosity-mass
ratio is excessive, and 1% of this value
is more realistic for massive stars;
therefore from equation 6 we obtain

Bondi-Gold-Hoyle

R / R = 1 / T = H

Eddington-Lemaitre

COSMIC TIME t

Models of the universe that satisfy Dirac's principle. Einstein's original model is static, and
therefore N2 — 1/A1/2a is constant and equal to one of the N-, numbers. The Einstein
universe, however, is unstable and evolves into either a collapsing or expanding universe.
The expanding universe in this case is represented by the Eddington-Lemaitre model, and
the cosmic yardstick for determining W2 is again A"172 . In the steady-state model of Bondi,
Gold and Hoyle the Hubble distance is TC; then the cosmic number W2, here equal to
re/a, is again constant, as it is in each of these three models. Figure 1

After the first generation of stars have
burned their hydrogen and produced
heavy elements the universe also has
an age of order fslar. Whereupon,
from equation 3

N,- (7)

32

a2c/Gmn
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in accordance with Dirac's principle.
This ingenious explanation leaves me,
at least, with a vague and uneasy feel-
ing that possibly some unknown funda-
mental relation still lurks between Ni
and N2.

Lured like seafarers of old into haz-
ardous waters by enticing sirens, the
more courageous explore the possibility
that the fundamental constants of na-
ture are time-varying. If N2 changes
with time, perhaps A^ changes with time
also, in such a way as to preserve the
status quo?

From terrestrial isotope abundances
it is known18 that variation in e, af-
fecting Coulomb repulsion in the nu-
cleus and beta-decay, has been ex-
tremely small during the Earth's histo-
ry. Further, Gamow's suggestion19

that e2/hc changes significantly with
time is ruled out by observations20 of
fine-structure splitting of emission
lines in the spectra of quasars and dis-
tant galaxies. Terrestrial and astro-
nomical consequences of time-varying
G are complex, and it is difficult, ex-
cept in the case of the Sun, to draw
firm conclusions from the data available
to us.21

If G varies in the following manner

Go: 7-" (8)

we require n equal to 1 according to
Dirac's principle. The Sun's luminos-
ity is roughly proportional to G to the
eighth power,22 and therefore in the
past the Sun consumed its hydrogen at
a much higher rate than at present.
(In effect, the Sun contained a num-
ber of nucleons larger than N3 2 and
hence ranked among massive stars that
evolve rapidly.) E. Pochoda and Mar-
tin Schwarzschild23 show that if n
equals 1 the Sun evolves into a red
giant in 1.5 x 109 years, which is only
one third the age of Earth. A weaker
variation, n = 0.2, is not ruled out, al-
though the enhanced neutrino flux
widens the discordance between theory
and experiment.24 The possibility
that either G or particle masses are
time-varying sweeps us willy-nilly into
the deep waters of Mach's principle.25

This principle, interpreted in various
ways,26 asserts that local inertial prop-
erties are governed by the global distri-
bution of mass in the universe. So far.
this bootstrap concept has not been
successfully incorporated into the
equations of physics. Scalar-tensor
theories of the kind investigated by
•Jordan,4 and Carl Brans and Dicke 27

can be adjusted to give a G variation
weak enough not to conflict with cur-
rent observational data.28 But weak
variations equivalent to n not greater
than 0.2, while conforming to the spirit



COSMIC TIME t

Friedmann models of the universe. In these models the cosmological constant A is zero.
The universe commences as a "big bang" of high density and is of finite age. The universe
is spatially finite and will eventually collapse when the density parameter ft is greater than
unity. The universe is spatially infinite when Q is less than or equal to unity. The ft = 1
curve is the Einstein-de Sitter model. The Hubble time is T and the characteristic yardstick
CT varies in time for all three models. Here Ro represents the present radius of the closed
model universe (ft > 1); Rm is the maximum value of the radius. Figure 2

of Mach's principle, fail completely to
satisfy Dirac's principle.

New points of view

Ralph Alpher and Gamow have pro-
posed29 that N2 is equal to £eq/a,
where te 106 years is the epoch in
the early universe when radiation and
matter densities are equal. Thus, N2
•• 1036 in this case has a constant

value, of the same order as Ni =
e2/Gmn

2 = 1.2 x 1036. By relating the
cosmic numbers in this way, they are
able to include the background radia-
tion and derive a value for the entropy
per nucleon that is in reasonable agree-
ment with results from experimental
observation.

A different approach, which so far as
I know has not been previously sug-
gested, resolves the cosmic-number
problem in the following simple way.
The present average density of the
universe is

Po =4.7 X10-30(#o/50)2ftgcm-3

0)
where Ho is the present value of the
Hubble parameter measured in km
sec"1 megaparsec"1 (note Ho = 75 is
equivalent to a recession of 1 cm s e c 1

per light year). The density parameter
ft is twice the deceleration parameter
for the Friedmann models (see figure
2) in which the cosmological constant
A is zero. The universe is open and
infinite and forever expands when Q <
1, and is closed and finite and must
eventually collapse when ft > 1. If the

universe is closed (which I shall as-
sume) the Friedmann equation10 is

having the parametric solutions

R = Rmsin2i (11)
and

t = - s i n i/< cos < (12)

The maximum radius Rm is attained
when the universe has the age rRm/2c.

A closed universe possesses the at-
tractive property that Rm may be used
as a time-invariant cosmic yardstick
for determining N2, thus allowing us to
write

N2 = Rm/a (13)

in place of equation 3. In support of
this idea we can argue that observa-
tions generally fail to provide, directly,
a truly global picture of the universe.
The universe is a manifold of both
space and time, and therefore N2, if it
is of fundamental importance, should
relate to the whole of space-time and
not to measurements made on transito-
ry spatial hypersurfaces of space-time.

In our closed model, R is the radius
of spherical space of maximum radius

Rm = (3cy8TrGPm)V* (14)

at density pm, of spatial volume V3 =
2;r2ff3 and total space-time volume

R'dt = —

Hence, the total four-volume of the
universe is 10160 Pj (f = fermi = 10"13

cm, j = jiffy; the jiffy unit is due to R.
C. Tolman and is the time taken by
light to travel 10~13 cm), and each of
the 1080 nucleons is allotted a four-vol-
ume of 1080 Pj and occupies 10*° f3j.
From equations 11, 12 and 14 we find
the present radius is

(15)

and since Ho = (dR/dt)0/R0, it follows
that

and

Rm =

P ^

cQ
(16)

(17)

A principal objective in observation-
al cosmology is to determine the pa-
rameters Ho and Q, and if possible find
a Friedmann trajectory for the uni-
verse.30 After these parameters have
been determined, theoretical cosmolo-
gy will then be confronted with the
awesome task of explaining why the
parameters have the observed values.
This will mean, if the universe is
closed, explaining the values of Rm and
pm. One cannot resist conjecturing
that in this case the parameters Rm
and pm are related in some obscure
way, directly or indirectly, with the
cosmic numbers. As an example, if Ho
= 50 km sec"1 megaparsec1, and N2
is given by equation 13 and is equal to
Nj' of equation 2, we find 52 = 2 and
the universe is now half its maximum
size.

Archimedes' number

Large dimensionless numbers are not
entirely new in science, nor are they
peculiar only to modern cosmology.
Archimedes, in the third century BC,
set himself the task of computing the
largest number that he believed would
have physical significance; this he ex-
pressed as the number of grains of sand
that could be contained in the whole
universe. The principles of his calcu-
lation, as presented to king Gelon, are
summarized in the box on page 31.
His result is the number 1063. From
his data on the assumed size of a grain
of sand we can calculate that there are
1017 nucleons in each grain, which tells
us that Archimedes' universe contains
a maximum of 1080 nucleons.

Archimedes' estimate of the maxi-
mum number of grains of sand the uni-
verse could contain differs vastly from
any modern estimate; furthermore, he
naturally knew nothing about nu-
cleons. Even when all this is taken
into account, we can still marvel. The
essential equivalence of Archimedes'
number and Eddington's number must
surely rank as one of the most amazing
coincidences of the many we have met in
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Magic numbers

The gravitational potential energy
GMmn/L of the Hubble sphere (that
is, the observable universe of mass M
~ pL3 = L3/GT2 ~ Lc2/G, density
p) and a nucleon, divided by the nu-
cleon energy mnc

2, is of order unity.
A photon mean free path in a uni-
verse of uniformly distributed ionized
hydrogen is Ni~ 1 N2 times the Hubble
distance L, with a2 as the Thomson
cross section.

W1/2

The classical electron radius a is
N-i1/2 multiplied by the Planck11 length
(Gh/c2)i'2 = 1.6 X 10"23 cm; the
Planck mass (ftc/G)1/2 = 2.1 x i o - 5 g
is N i 1 / 2 nucleon masses; the radius of
a neutron star or black hole of stellar
mass is W-|1/2 times a. The Hubble
distance is N-,'U2 N2 times the radius
of a neutron star; the mass of the
Hubble sphere is N-, ~1 2 N2 stellar
masses.

N

In addition to equations 1 and 3, we
have that a is Wi times the nucleon
gravitational radius Gmn/c

2; the hadron
barrier12 density C2/Ga2 (when the
Hubble distance equals a) is Nj times
the nuclear density mn/a

3. Nuclear
density is N,^1 A/2

2 greater than the
mean density c2/GL2 of the universe;
the ratio13 of gravitational and elec-
tromagnetic forces between two hydro-
gen atoms separated a distance L is
A/,"1 N2

2.

W 3 /2

A stellar mass equals N-,3 2 nucleon
masses. The Hubble distance is
W,1/2A/2 Planck-length units; the
mass of the Hubble sphere is W,1 2 A/2
Planck-mass units.

A/2

Mass of the Hubble sphere divided by
the nucleon mass is the famous Ed-
dington number of NiN2~ 1080 nu-
cleons in the universe.2 The Planck
density cb/G2fi = (Planck mass)/
(Planck length)3 is W,2 times the nu-
cleon density.

A/3

Other dimensionless numbers can be
found, such as A/,A/2

2 for the ratio of
the Planck density and the mean den-
sity of the universe.

W" 1

A/-1/2

1

W1 '2

N
W 3/2

W2

Sizes, masses and

Size

Gravitational
radius of nucleus

Planck length
Classical
electron radius

Neutron star
Hubble distance

densities scaled in

Mass

Nucleon

Planck mass

Star
Hubble sphere

terms of N

Density

Universe

Nuclear density
Neutron star

Hadron barrier

Planck density

the whole domain of cosmic numbers.
This leads us to the sobering thought

that if by sheer chance, with little
probability of success, Archimedes
could indirectly obtain the number
1080, might not Nj. and N2, improbable
though it may seem, also have acciden-
tal coincidence? At present we do not
know how to bootstrap together the
microscopic and macroscopic realms of
physics in order that Ni and N2 are
necessarily similar numbers. Each of
us according to his own inclination is
therefore free either to dismiss the co-
incidence as fortuitous, or to think that
the coincidence is evidence of an
underlying grand design in the struc-
ture of the physical world.

This paper. Contribution No. 155 of the Five
College Observatories, is based on a talk
given at the Department of Physics, Michi-
gan State University, in November 1971. I
am indebted to Ralph A. Alpher for helpful
suggestions and comments.
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