
A resolution
of the clock paradox
It's no paradox at all,
claims our author, to an
observer who keeps
in mind the meaning of
space and time
in relativity theory.

Mendel Sachs

Ever since the initial successes of the
theory of relativity, physicists and
philosophers of science have written a
great deal about a paradox that seems to
arise when theory tries to answer the
question: If two identical stationary
clocks in the same inertial frame of ref-
erence are synchronized, and if one of
them is accelerated away into different
inertial frames and then returned to the
original inertial frame, would the time
readings of the clocks still be synchro-
nized at this later rendezvous?

The majority of authors,12 including
Einstein himself,34 have argued, as we
shall see, that relativity theory implies
the answer to be no, the clocks would no
longer be synchronized. My own resolu-
tion of the "clock paradox," which de-
pends on general-relativity arguments,
comes to the opposite conclusion:
There would be no real loss of synchro-
nization, even though there would be an
apparent loss while the clocks are in
relative motion.

Which twin is older?

The prediction of those who agree
with Einstein has been that the clock
that was accelerated away from the
"fixed" clock, and then brought back
to it, would read slower than the clock
that did not have this history of travel.
This conclusion has an interesting im-
plication: If an identical twin parts
company with his brother by taking a
trip into outer space in a rocket ship at
sufficiently great speed, then when he
returns to Earth he should be notice-
ably younger than his brother. Indeed,
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for sufficient speeds, he may even be
able to return to his own great grand-
children, who may be older than he is!

This conclusion depends on a tacit
assumption, made originally by Ein-
stein, that there must be a one-to-one
correspondence between an observer's
time measure on a clock that moves
relative to him, and a physical process,
such as aging, that occurs in that mov-
ing system. (For a clock, aging would
be the unwinding of a spring.) Of
couse we can always fix our own aging
process as a standard from which we can
calibrate the clocks in our own frame of
reference, or vice versa. But this cor-
relation between a fixed observer's time
measure on a moving clock and its aging
process is not necessarily true. Never-
theless, should one postulate such a
correlation, then "asymmetric aging"
does seem to occur.

On the other hand, a different inter-
pretation appears to me to follow logi-
cally from the meaning of "time" in
relativity theory and leads to a con-
clusion that necessarily rejects this
correlation between relative time mea-
sure and aging. A fundamental dis-
tinction is made in relativity theory
between the space-time parameters
on the one hand and, on the other hand,
the physical interactions themselves,
such as the aging process of a physical
system. The space-time parameters
are a useful language to express the
laws of nature, whereas the physical
interactions obey the laws of nature.
Henri Bergson, who rejected5 Ein-
stein's contention, argued that the con-
clusion of asymmetric aging is perhaps
closer to Lorentz's interpretation of the
time dilation as a physical manifesta-
tion of an absolute ether (which he be-
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lieved to conduct light) than it is to
Einstein's interpretation in terms of a
relative measure.

Fixed versus moving frames

Before presenting these different
views of the clock problem, I point out
that this paradox has not yet been set-
tled unambiguously, either by direct
experimental observation or in an exact
theoretical proof. Perhaps this is why
the literature that attempts to settle
the question is so voluminous. Many
experiments have confirmed the time-
dilation effect of special relativity:
The time measure of a moving clock is
different from a corresponding time
measure of a fixed clock from the view
of the fixed frame. But the clock prob-
lem does not deal only with this situa-
tion. It deals with two ent it ies, say twin
brothers, who are comparing notes while
they are in the same frame of reference.
One of them has had the experience of
leaving Earth at some earlier time and
then returning to compare the aging of
his body with that of his brother, know-
ing that they were born of the same
mother at the same time. The majority
opinion today is that one of these twins
would now be wrinkled, white haired,
bent and weak limbed, whereas his
traveling brother is still smooth skinned,
brown haired, of straight posture and
strong limbed.

Of course we have no experimental

confirmation of this effect for people,
because we have not yet been able to de-
velop vehicles able to travel at speeds
that approach the speed of light. But a
confirmation of the effect needn't use
people. It might depend on experi-
mental observations of two equally mas-
sive pieces of radioactively decaying
metal, cut from the same block. One
of these pieces might be accelerated
away and then brought back to the
frame of reference of the piece that did
not travel. After the two pieces of met-
al are again in the same inertial frame
of reference, would one of them now re-
veal that fewer of its constituent nuclei
had decayed than the nuclei of the other
piece of metal? I am unaware of any
direct experimental evidence to answer
this question.

None of the theoretical conclusions
thus far are based on explicit math-
ematical application of relativity theory
to the particular situation considered,
although numerous demonstrations
have been based on mathematical ap-
proximations.1'6 Einstein's suggested
theoretical approach,- which uses the
equivalence principle together with the
transformations of special-relativity
theory, has been exploited by many
authors, most of whom agree with Ein-
stein's conclusions that the asymmetric
aging effect occurs. To some of us, how-
ever, such an approach is questionable,
because the effect investigated depends

on one part of a system making changes
(by whatever means it chooses) from the
inertial frame of the other part. That
is, the transformations must describe
not only uniform relative motion but
also the change from one inertial frame
to another, so that we must use general-
relativity theory rather than an impro-
visation of the formalism of special-
relativity theory if we wish to draw un-
ambiguous conclusions.

Einstein4 and Hans Reichenbach2

attribute the physical effect—that the
clocks have lost their original synchro-
nization—to the gravitational action of
the rest of the universe on the clock that
is accelerated away from the stationary
one (say on Earth). They contend that
the clocks are not equivalent, a require-
ment if we are not to have a logical para-
dox, because from the frame of reference
of the stationary clock, the second clock
moves with respect to it and a stationary
universe. On the other hand, from the
frame of reference of the moving clock,
the stationary clock and the mass distri-
bution of the universe, relative to the
earth, move away from it (in the op-
posite direction). In the first view then
the universe is stationary, whereas in
the second it is moving, making the two
clocks inequivalent and thereby ac-
counting for the alleged effect. Further
on, we shall derive the effect, according
to this view.

In the same article in which Einstein
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Does asymmetric aging occur when one man (say twin B) accelerates swiftly into space,
covering a distince 2x and returning to his brother (twin A) in a time tj According to
Einstein, asymmetry occurs only during the period when B reverses for the return journey:
A measures this turn-around time as W ' on his own clock and as rB' ' on B's clock; V' is
the time needed for the signal to travel between the two clocks. The acceleration and
deceleration periods rA' and t A ' ' ' play no role, he points out, because A and B are at
nearly equivalent positions in the universe at these times.

defends the asymmetric aging effect,
he also asserts:

"according to general-relativity
theory, the four coordinates of the
space-time continuum can be se-
lected quite arbitrarily; for each is
a parameter lacking independent
physical significance."4

It appears to me, then, that his conclu-
sion about the asymmetric aging effect
is logically incompatible with his as-
sertion about the significance of space-
time in relativity theory. (Reference 7
includes an elaboration of this view of
space and time.) My own acceptance
of this interpretation of space-time is,
as we shall see, the main basis for my
logical rejection of his conclusion about
the aging effect.

Asymmetric aging—pro

If we accept the idea of a linear re-
lation between a fixed observer's time
measure on a moving clock and the ag-
ing in the moving system, it follows
that the aging process takes place at
a slower rate in the moving system.
This conclusion comes from the Lorentz
transformation relating the respective
time measure, 5rn and bt, made by the
fixed observer in the moving and in the
fixed frame of reference

8to = (1)

The logical paradox enters when we use
the implication of relativity theory
that there is no absolute frame of ref-
erence, so that all motion is relative
with respect to the description of physi-
cal effects. Thus, the observer (A)
who was previously called "fixed" and
who stood looking at a clock that moves
away from him at the speed v could
equally be considered to be moving at
the speed —u with respect to a "fixed"
observer (B), the one previously consid-
ered to be moving at the speed v. In
this case, the same reasoning as above
(noting that (— v)2 = v2) leads to the
opposite relation between time mea-
sures

ht = &0(l - (v/cY-Y11

We see then that just as we have an
observer (A) whose life process tells him
that he must have aged more than his
travelling friend by a factor
(1 - (v/c)2)'11'2 so, from the point of
view of the latter man, the heart of the
former will have beat a fewer number of
times during one of his own time inter-

vals, and the man who stayed on Earth
will seem to have aged less (by the same
factor). According to this analysis,
if the clocks of both were initially syn-
chronized when they were in the same
inertial frame, then after they meet
again in the same inertial frame each
would assert that the clock of the other
man was slow compared with his own
clock. Or, if we could transfer all of the
information to only one of these men
(say the observer at the Earth space
center), he would claim that he had aged
both more and less than did the other
man (the space traveller) by the time
the trip had ended—a logical paradox!

An attempt to get out of the paradox
is to note that, contrary to our assump-
tions, there is no symmetry in the mo-
tions of the two men. One of the men,
the space traveller, changed inertial
frames three times: leaving Earth,
slowing down somewhere in outer space
to turn around for the return journey
and then slowing down to return to the
original frame of reference (the "splash
down"). If the logical paradox is to
be removed and if, indeed, there is an
asymmetric aging effect, it can only exist
because of these periods of acceleration
and deceleration. If the times taken to
accelerate and decelerate are arranged
to be very small compared with the
times of uniform motion, proponents
of the asymmetric aging effect assert
that the periods of nonuniform motion,
when the Lorentz transformation of
equation 1 is not valid, contribute only
negligibly to the amount of asymmetric
aging, even though these short periods
cause the effect. (An analogy might be
a small bump on an emitting antenna
causing a large distortion on a wave-
front that is very far from the emitter.)
The amount of aging asymmetry here
still depends on the factor (1 -{u/c)2)1'2,
as it did in the earlier argument. (For a
survey of this point and a complete
bibliography, see reference 1).

The universe also counts
Many of us feel that this analysis does

not settle the question, for it can still
be argued that not only the velocity, but
also the acceleration, is symmetrical
with respect to the motions of the two
men. If the space traveller is acceler-
ating away from the observer on Earth,
the Earth observer is equally and op-
positely accelerating away from the
space traveller. No explicit refutation

of such symmetry between the acceler-
ating motions has been demonstrated
by the proponents of the effect. It ap-
pears then that, to the space traveller,
the observer on Earth is the one who is
changing inertial frames to make the
round-trip journey that eventually
brings him back to the inertial frame
of the rocket ship. Each man will once
again claim that the other has aged
less after the journey is over.

This difficulty was recognized by Ein-
stein and Reichenbach,2" among
others, in the early history of relativity
theory. But they still claimed, as we
have mentioned above, that there is a
bona fide asymmetric aging effect be-
cause in reality there is more to the sys-
tem than the two men who are compar-
ing notes; there is also the entire uni-
verse. Now the result is that each man
would agree that the traveller who left
Earth must be the one who aged less
during the round trip.

A mathematical analysis of the prob-
lem according to Einstein's prescrip-
tion (see, for example, reference 8),
supposes that two identical clocks, one
belonging to the man A at the space
center on Earth and the other belonging
to the man B in the rocket ship, are syn-
chronized before takeoff. After the
countdown, the rocket engines exert a
force F' for a time f A', causing B to ac-
celerate away from the launching site,
until the rocket reaches a speed v. B's
rocket ship then proceeds for a time tA/2
to move away from A (and Earth) with
the constant speed v until a second force
F" is applied by the rocket engines for
a time tA", causing the rocket to slow
down, turn around and proceed back to-
ward A with the velocity —v. The ship
then travels at this speed for fA/2 sec-
onds, until it comes near Earth. A
third force, F'" then acts for fA'" sec-
onds to decelerate B's rocket until it
splashes down on Earth, where A is
waiting to meet B.

If the trip is arranged so that the
times fA', tA" and fA'", during which
F', F" and F'" act, are very short com-
pared with the time fA of uniform mo-
tion, then according to special rela-
tivity theory the time of round-trip
travel fA, as measured by A, relates to
the time of round-trip travel, fB (as
measured by A on B's clock) as

fA = rB( l - (u/c)-)
(2)
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"Using Einstein's prescription,
both A and B should agree
that space traveller B is the one who
ages less during the round trip."

According to this result, and the assump-
tion that the physical aging process
of A's body is linearly proportional to
fA and that of B's body to tH, B would
be younger than A after the journey by
the factor (1 -(v/c)'2)1'2.

As we have noted, the apparent para-
dox appears when we let B record the
various times, considering himself to be
at rest and A, as well as the launching
pad, to be moving. The same analysis
as above gives the result.

tA = tH(\ - l /2(u/c)2-H (3)

If, with Einstein, we note that the two
cases are not physically equivalent if
the universe is taken into account, equa-
tion 3 must be modified. The modifi-
cation comes during the period tA",
when there is a reversal of motion for the
return journey. The acceleration and
deceleration periods tA and tA'" at the
beginning and ends of the round trip
play no role (in this view), because A
and B are at almost equivalent positions
in the universe at these times; they are
both close to Earth.

To handle the turn-around period,
Einstein appeals to the principle of
equivalence. Thus, to turn A (and the
universe) around with respect to B, one
can equivalently talk about a body that
falls freely in a uniform gravitational
field. If tA" is the time recorded by A on
his own clock during this period, and if
tB" is A's measurement on B's clock
during the same period, then we can re-
late these two measurements according
to the Doppler effect, which in turn de-
pends on the relative velocity during
this period.

According to the principle of equiva-
lence, the appropriate equation of mo-
tion to determine this velocity is g =
constant, where g is the acceleration due
to gravity. The first integral of this
equation gives the result u" = gt",
where t" is the time for the information
signal to move between the two clocks
at the turn-around point when they
are, say, x cm apart. Then t" = x/c,
so that v" = gx/c is the relative velocity
during this period. If we use this re-
lation with the Doppler formula of spec-
ial-relativity theory, we have

responds to the assumption v"/c <Kl.
The total distance travelled during

the round trip is 2x. Because tB is much
greater than tB, tB" and tB", we can
take 2.v = vtti, from the point of view of
B's clock, as observed by A. Because
2v is the total change in velocity at the
turn-around point, in the time tB", we
can set g = 2v/tB", according to the
principle of equivalence. Combining
equations 3 and 4, with v/c much less
than one and tA'=tB; tA'" = tB", we
find

tA =tH(l + l/2(v/c)2 ) +tB +
tB" +tB'

tA" =tH"[(\ +u"/
tB"(l +v"/c)

= tB"(l+gx/c2) (4)

Here the approximate equality cor-

If we now assume that the periods of
nonuniform motion, tB', tH" and tB"
are much less than tH, then tB is essen-
tially the round-trip travel time, accord-
ing to the measurement on B's clock
(from A's view). With this approxima-
tion an overcompensation does indeed
occur at the turn-around point (from
the view of the space traveller's inertial
frame) and, instead of equation 3, the
times for the round trip are related ac-
cording to the formula

tA = fB(l + l/2(v/c)2 + . . .) (5)
Equation 5 agrees with equation 2,
which gives the relation according to
A's inertial frame. Using Einstein's
prescription, then, both A and B should
agree that the space traveller B is the
one who would age less during the round
trip.

Recall the assumptions used to derive
this result: It is accurate to use the
principle of equivalence together with
a version of the transformations of spec-
ial-relativity theory for the periods of
relative nonuniform motion; v/c is
much less than one; the mutual separa-
tion x between A and B at the turn-
around point is sufficiently small that
gx/c- is much less than one.

To order (v/c)-,

1 + \/2(v/c)- = (1 - (v/c)2)-1'2

so that, to this order in v/c, equations 2
and 5 would be the same if we had in-
serted the factor from special-relativity
theory (1 - (v/c)2)~ui, rather than the
factor shown. Nevertheless when we
take closer account of the times of non-
uniform motion and carry out the above
calculations to higher order than (v/c)'-,
the series on the right sides of equa-
tions 2 and 5 do not necessarily add up
to (1 -- (v/c)-)~v-, nor do they neces-

sarily agree with each other in these
higher-order terms. Thus, although the
use of the equivalence principle in this
problem implies that A and B would
agree that it is B who ages less, it is not
clear that they would agree on the exact
amount of asymmetric aging that had
taken place. But to satisfy the princi-
ple of relativity, as we must, A and B
must agree, both qualitatively and
quantitively.

Quite apparent to me, then, is the
need to reexamine, from first principles,
whether or not relativity theory pre-
dicts the asymmetric aging effect. What
follows here is my argument for reject-
ing the effect as being logically incon-
sistent with relativity theory itself,
and an unambiguous mathematical
proof of my contention, without any
approximation.

Illogic of asymmetric aging

In Einstein's relativity theory, the
distinction between the "proper" frame
of reference and the "relative" frames
is important. The "proper" reference
frame of space-time coordinates is that
frame in which we can directly relate
to the real set of properties of the physi-
cal system, the properties of matter as
explained in terms of its internal consti-
tution. "Relative," on the other hand,
refers to the space-time coordinates
that relate to the physical properties of
a system in motion relative to an ob-
server's coordinate frame, as described
by the observer. Thus, it appears to a
stationary observer that a moving rod is
shorter, in the direction of its motion,
than it really is in the proper frame of
reference.

If the stationary observer does not
know about the theory of relativity,
then he would disagree with an observer
who moves with the rod about the rod's
real length. But if he knows about
relativity theory and the correct way to
translate from one reference frame to
the relatively moving frame, both ob-
servers would agree on the real length
of the rod, the length that is indepen-
dent of any travelling observers who
happen to be looking at the rod. This
is the "proper" length of the rod: the
length determined only by the locations
at which electrostatic forces within a
system of about 1024 molecules estab-
lish their equilibrium positions in their
proper space.
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Similarly, to specify a time measure
in relativity theory, we must specify the
motion of the observer relative to the
proper frame of reference. That is to
say, an observer who is sitting on a clock
or measuring his heartbeat rate, for ex-
ample, can relate directly to the proper
time measure. But an observer who is
in motion relative to the clock does not
measure the proper time interval; that
is, he does not measure the time inter-
val that corresponds to a certain
amount of aging and is a consequence of
the internal forces that constitute the
time-measuring device. The travelling
observer would, however, be aware of
this discrepancy if he is aware of rela-
tivity theory and of his motion relative
to the clock.

The idea here is that space and time,
according to the theory of relativity,
are no more than the elements of a
language that expresses the laws of
nature in one frame of reference or an-
other. The fundamental assertion of
the theory is that the law of nature it-
self must be the same to all possible
observers, irrespective of their relative
motions. This is the principle of rel-
ativity.

But there is something special about
the particular set of space-time coor-
dinates that is called "proper": These
coordinates describe aspects of a physi-
cal system that are independent of the
motion of any observer. Thus, to know
the actual aging of some physical en-
tity, one must convert the measured
time interval of his own clock (if he is
in motion relative to the observed sys-
tem) to the time interval that would be
measured if he were in the proper frame.
For the "proper time," not the "rela-
tive time," describes the internal physi-
cal processes within the observed sys-
tem that are responsible for the physical
effect we call "aging."

This principle is independent of
whether the physical aging refers to a
living organism, a piece of radioactive
metal or a common clock. For living
organisms, the aging effect is the set of
electromagnetic forces that manifest
themselves as complicated chemical-
physical processes of irreversible cell
decay. For radioactive metal, the nu-
clear, electromagnetic and weak inter-
actions, exerted by the constituent nu-
cleons and mesons on each other, are
responsible for the observed deexcita-

tion of these nuclei at certain fixed rates.
And in the common clock the mechani-
cal properties of its spring (stiffness,
length) account for the "aging" mea-
sured on its face.

Relativity theory does not claim that
any of these forces or their effects on
aging are in any way affected by the rel-
ative motion of some observer who may
be looking at the considered system
from a moving platform. It claims only
that the laws of nature, which explicitly
describe these forces, must be the same
in all relatively moving space-time
frames. It is still true of course that if
one of these different types of clock
should be in motion relative to some ob-
server, he would report that its time
measure does not agree with his own.
But when the clock enters his own in-
ertial frame, coming to rest with respect
to him, the observer would then be in
the proper frame of the clock and could
measure directly the "true" time mea-
sure—the time measure determined by
the internal physical forces of the clock
that cause its aging.

It appears to me then that two identi-
cal clocks, synchronized in a single prop-
er frame of reference at some initial
time, should be synchronized at all fu-
ture times of observation, even though
they may not appear to be synchronized
unless they are again in the same prop-
er frame of reference. This conclusion is
consistent with the philosophic view of
space and time in relativity theory: Co-
ordinates are no more than language ele-
ments used by the observers of natural
phenomena to express physical laws,
and the time coordinate is not itself a
physical process, such as aging.

This conclusion assumes that there
were no physically damaging effects on
the internal mechanism of the clock
that travelled (see references 2 and 9
for the opposing view); in any case, the
majority who believe that the clocks in
this problem will lose their synchroniza-
tion claim that the loss is due strictly
to the history of their relative motion,
independent of forces that might act on
their internal mechanisms. According
to the view of time as a subjective
parameter in the description of a physi-
cal law, I see this majority claim as
logically incompatible with the axioms
of relativity theory. To accept this
majority conclusion is to me a regres-
sion to the classical view in which time

is indeed an absolute measure, with its
own physical manifestations.

Mathematical argument
I now pose the clock question in pre-

cise mathematical language. The dif-
ferential increment of proper time, as
measured by some entity that moves
with the clock (at the origin of the mov-
ing frame) is d*. The answer to the
question: "How much time has passed
during some finite increment of aging
from the proper time Si to the proper
time S2?" is given by the value of the
line integral

<t dds

or by any quantity in one-to-one cor-
respondence with this line integral. The
particular path of this clock in space-
time is denoted by C. For example, if
we refer to the aging process within our
own inertial frame, then C is a straight-
line path. On the other hand, the aging
may take place along a different sort of
path, C". in which a clock is accelerated
and decelerated relative to C (for at
least part of the path) such that the
initial and final proper times that cor-
respond to the measured aging are the
same proper times, S\ and S2, of the
first clock. In this case the total time
for this aging process would be the value
of the line integral

The question about clock synchroni-
zation then reduces to the question
about whether or not the values of these
two line integrals are the same. That
is, for arbitrary paths of two mechani-
cally identical clocks in space-time,
synchronized in the same inertial frame
at the initial proper time si, is the value
of the line integrals path independent?
Does

dsl (6)

To answer this question, we need not
know the explicit features of the space-
time metric. We shall see that we only
need know whether or not the metric
field is single valued and analytic at all
space-time points where the physical
aging process is occurring.

Because in relativity theory, an ar-
bitrary path entails a noninertial CO-
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Bendi

" . . . space and time, according to relativity
theory, are no more than the language
that expresses the laws of nature in one frame
of reference or another."

ordinate frame, we must start this anal-
ysis with the expression from general
relativity theory for the invariant met-
ric ds. As is the convention, we start
with the space-time points defined
within a Riemannian manifold, with the
corresponding squared differential met-
ric

ds2 = gaBdxadxa (7)

where x is a four-valued point x,h Xj,
x_., x:) and g"tf(x) is the metric tensor
field that solves Einstein's field equa-
tions. (The usual notation is implied,
where the summation signs over time
and space indices, a,fi --= 0,1,2,3, are
deleted.)

To prove that the total aging of the
clock is path independent, we must use
ds rather than ds2. Although ds is
usually determined by simply taking
the square root of ds2 from equation 7,
this method will not do for the problem
at hand because of an ambiguity in the
sign of the square root of ds2 at the dif-
ferent space-time points x and because
of the information that is thereby
lost. We use instead a more general
(and unambiguous) form for ds, the
quarternion factorization of ds2, yield-
ing the form"1

ds = q"dx,, (8)
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where the metric field q" (x) is a four-
vector field in which each vector com-
ponent is, algebraically, a quaternion.
Because a quaternion has four elements,
q" is a 16-component field. Here ds
is expressed as a sum of four quater-
nions and is therefore represented by a
quaternion rather than a real number.
The correspondence with the real num-
ber field ds1 in equation 7 is then ob-
tained from equation 8 by multiplying
8 by its quaternion conjugate

dsds = l/2(qaqB +
ql3ql')dx,,dxJ<=)g"lldx,,dxli

The field equations in q" were derived
by me (see reference 10). They cor-
respond to 16 relations at each space-
time point. From an iteration of these
equations in q", they can be reexpressed
in a second-rank tensor form. The
latter 16 relations may then be grouped
into the sum of a symmetric tensor part
(10 relations) and an antisymmetric
tensor part (6 relations). The sym-
metric tensor part has been shown"

to be in one-to-one correspondence with
the full structure of Einstein's field
equations.

All of the physical predictions, then,
that are implicit in Einstein's equa-
tions are also implicit in the quaternion
field equations, although the latter con-
tain predictions that have no counter-
part in the tensor formalism. Thus any
of the physical consequences of equation
7 must also be contained in the conse-
quences of equation 8 for the invariant
metric. The extra predictions of the
quaternion formalism entail features
of space-time that are not involved in
the problem at hand (for example, po-
larization and bound-state effects and
the effects of interacting "currents").
The results to be determined from the
quaternion form of ds are also implicit
in the tensor formalism, but because
of the lack of ambiguity in the quater-
nion form, compared with the square
root of ds2 from equation 7, only the
quaternion form can be used with the
method below to answer our question.

In the special frame of reference, in
which the clock's motion can be de-
scribed in a two-dimensional plane, that
is, in a slice of space-time where any
two x, say x,, and Xz, are held fixed, dx»
= dx.j = 0. In this special reference
frame, we call q1 = Q1, q- = Q1 and ds
= dS. Any closed-path line integral of
ds then has the form

fdS=f(Q1dxi + Q2dx2) (9)

Because ds is generally an invariant of
the Riemannian space-time, a conclu-
sion of the analysis that this closed-
path line integral is zero is transform-
able to any 4-dimensional space-time.
The transformability implies that the
closed-path line integral of ds in the
general reference frame would also
necessarily be zero.

Recall that the quaternion field q"
(and therefore Q1 and Q-) is a set of 2-
dimensional Hermitian matrices.
Each of the quaternions in equation 9
is then a function of four real fields; let
us call them /„". The closed-path in-
tegral then stands for a 2-dimensional
matrix of closed-path integrals, in which
each component (real) field has the form

/(//(xi,x2)£fcci + fll-(xux2)dx2) =
Beffu(z)dz (10)

The right-hand side of equation 10 has



been chosen, for convenience, to de-
scribe the variables on the left in terms
of a complex plane, where

2 = X] + ixi, and Re stands for the real
part of the closed-path integral. Of
course, the functions in equation 10 also
depend on XQ and xy, these are sup-
pressed here, because they are not in-
volved in the integration.

According to the Cauchy theorem of
complex variables, if fAz) is a single-
valued function of z that is analytic at
all points in and on the closed curve of
integration, then

,ffAz)dz = 0

The real and imaginary parts of this in-
tegral must then be separately zero,
so that the right-hand side of equation
10 is zero if each of the four fields that
make up the quaternion variable are
separately single valued and analytic.
Under these conditions, then, the
closed-path integral in equation 9 stands
for a null matrix. Because dS = ds,
it follows that in any space-time frame
of reference within the Riemannian
manifold, for a metric field that is single
valued and analytic in that domain
where the aging is described (away from
possible singularities), we find the de-
sired result

fds = fqadxa =0 (11)

Note that the vanishing of the closed-
path integral in equation 11 does not
imply that the total aging of some
physical entity is zero. The closed
path, which assigns polarity to line seg-
ments (for every positive segment of a
closed path there is a corresponding
negative segment) is only a mathe-
matical device to investigate a particular
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