
Nonlinear Problems
In Physics

Interactions of matter and fields are generally nonlinear, so that
nonlinear problems play a central role in physics. In fact because
nonlinearity is so basic to nature, it is possible that even a
theory as fundamentally linear as quantum theory may ultimately
have to be replaced by a nonlinear one.

by Werner Heisenberg

NONLINEAR PROBLEMS in physics are
difficult to discuss for several reasons.
First, what are nonlinear problems?
Practically every problem in theoreti-
cal physics is governed by nonlinear
mathematical equations, except per-
haps quantum theory, and even in
quantum theory it is a rather contro-
versial question whether it will finally
be a linear or nonlinear theory. There-
fore by far the largest part of theoreti-
cal physics is devoted to nonlinear
problems.

Besides, it has been argued that
every nonlinear problem is really indi-
vidual; that is, it requires individual
methods, usually very complicated
and difficult methods, and it is rather
improbable that one can learn from
one nonlinear problem to solve anoth-
er nonlinear problem.

Finally I have to emphasize that I
am certainly not an expert in the field
of nonlinear problems of mathematics
or physics; but I have come across a
few nonlinear problems on my way
through physics, so I at least know
some of the horrible difficulties and
troubles which one meets in these
problems.

In this situation I feel that the only
thing I can do is not give a general
survey of the field but rather tell
about some of these problems that
have passed my way in physics and

see whether there are common fea-
tures. In fact I do think that all these
problems have some features in
common—difficulties that are similar
in different problems and also meth-
ods that one can use to solve the dif-
ficulties. So I hope you will allow me
to go briefly through some of these
problems and to see what are the com-
mon features.

I would like to start with a brief his-
torical remark and to say a few words
about point mechanics, and only then
I will examine general problems of
continuous media, and finally I will
discuss to what extent quantum theory
can be considered a linear or nonlinear
theory.

Historical remarks

The course of history in physics usual-
ly proceeds from simple problems to
more complicated problems. For the
questions discussed here the simplest
problem can be considered to be the
solution of a homogeneous linear
equation; next simplest is the solution
of an inhomogeneous linear equation;
and, finally, much more complicated
is the solution of a nonlinear opera-
tion. Actually mathematical physics
started 300 years ago with the law
of inertia, which may be considered
to be the solution of the homoge-
neous linear equation d2x/dt2 = 0

where x is the coordinate and t is the
time. In the laws of free fall of Gali-
leo, we find that he actually had
solved an inhomogeneous linear equa-
tion, the force being the inhomo-
geneous term. Finally, Newton for-
mulated the nonlinear problem be-
cause the equations of motion in New-
ton's mechanics definitely are nonlin-
ear equations.

Point mechanics

Of course Newton was not in a posi-
tion to find general solutions of nonlin-
ear equations; so from the very be-
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ginning he had to think about possible
simplifications. Therefore, I might
start by mentioning some of the most
important simplifications that can be
used, not only in the nonlinear prob-
lems of point mechanics, but actually
in all nonlinear problems with which
we have to deal.

Symmetry. There are mainly two
different types of simplification that
are important. The first comes from
the symmetry of the problem. Physi-
cists have learned from mathemati-
cians that the symmetry of a problem
as a rule produces a conservation law.
All the conservation laws that we
know in physics—conservation of ener-
gy, momentum, angular momentum
etc.—rest upon fundamental symme-
tries in the underlying natural law.

For instance, Newton's equations of
motion are invariant under the Galile-
an group, which is a continuous group
of ten parameters. Therefore, one has
ten conservation laws and these con-
servation laws can be used for the sim-
plification of the problem. When
Newton was able to solve the two-
body problem in astronomy, it was by
the use of symmetry. With two
bodies there are 12 degrees of free-
dom because every body has 3 coordi-
nates and 3 momenta; and of these 12
degrees of freedom, he could actually
eliminate 10 by means of conservation
laws, and the rest then was rather
simple. Similar simplifications can be
used in most problems.

Linearization. The next kind of
simplification is linearization of the
problem. This method has been very
widely used and has actually been
very important for the discussion of
nonlinear problems. Let us assume
that one has more or less by chance
found simple solutions for the problem
concerned, very special solutions—for
instance, static solutions in which all
the bodies are at rest, or as in hydro-
dynamics, stationary solutions in
which the motion does not change
with time; that is, the velocities at
least are constant. In all these cases,
one can study general solutions of the
nonlinear problem in the neighbor-
hood of the special solution. That is
more or less the main object of pertur-
bation theory. For small perturba-
tions around a known motion one has
linear equations to solve. Thereby
one comes back to simpler mathemati-
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All physical processes are nonlinear
if observed over a sufficiently long
time or generated with a sufficiently
intense source. For example, Ein-
stein has remarked that Maxwell's
equations in empty space represent
formulations which are linear in
form only because they are based
on experience with very weak elec-
tromagnetic fields. "In general linear
laws fulfill the superposition princi-
ple for their solutions but contain
no assertions concerning the inter-
action of elementary bodies. The
true laws cannot be linear, nor can
they be derived from such."

It is too bad that this is a rather
general feature of physical laws, be-
cause mathematical analysis of lin-
ear laws is relatively simple. Lin-
earity implies solutions may be
superposed; this principle permits re-
duction of a complex problem into
simpler elements, a technique of
enormous analytical power. On the
other hand the elucidation of non-
linear phenomena is difficult. One
often finds that methods of solution
are highly restricted or "rigid" in
that they are usually rendered use-
less if the problem posed is modi-
fied only slightly. The study of non-
linear problems has progressed
slowly with few general results ob-
tained compared to the progress of
linear mathematics and physics.

During the past 50 years the ma-
jor step forward in physics has been

the development and application of
quantum theory, a fundamentally lin-
ear theory. The name Werner Hei-
senberg is intimately connected with
its basic concepts and further de-
velopments. It is probably not so
well known that he also has had a
recurrent interest in nonlinear phys-
ics problems.

His first published paper dealt
with vortex motion, and two years
later in 1924 he published a paper
on the stability and turbulence of a
flowing fluid and another on solu-
tions for a nonlinear differential
equation describing a viscous fluid.
In 1936 he published a paper with
H. Euler in which, using quantum
theoretical methods, he derived the
Lagrangian density for the electro-
magnetic field to the next, nonlinear,
order. In 1948 three papers ap-
peared on the statistical theory of
turbulence and in 1953 a paper on
"Meson Production as a Shockwave
Problem." At that time his belief in
the fundamental nature of nonlinear
processes merged with his interest in
applying quantum theory to elemen-
tary particles, and in 1953 he pub-
lished a paper on quantization of
nonlinear equations. This work has
been followed by many papers by
him and his associates on the quan-
tum theory of nonlinear wave equa-
tions and nonlinear spinor theory.

* * *
Condensed from an introduction to
the International School of Non-
linear Mathematics and Physics.

cal problems for which one may be
able to find the complete system of so-
lutions. Such solutions can be studied
for the whole time interval from minus
infinity to plus infinity, and the solu-
tions may be characterized by their as-
ymptotic behavior in space and time.

If the special solution of the original
system is a static or a stationary solu-
tion, then we have the special ad-
vantage that the coefficients in these
linear equations of perturbation theory
are constant in time, and it will be
possible to look for solutions that be-
have like an exponential function of
time, either elU}t or ea'.

If such a system of solutions has
been found, one can at once answer
questions of stability or instability. If
only periodical solutions exist or only
solutions that decrease in time, the
system is stable-a perturbed solution
starting at a given time will in the

course of time not deviate strongly
from the original simple solution. If,
however, there are solutions of the lin-
ear equation that increase exponen-
tially with time, the solution is not
stable. This method of simplification
can be applied even if the original so-
lution is not a static solution. Many
papers have been written on general
perturbation theory and much insight
has been gained by such methods.

Unpredictability. Beyond this
point one comes very soon into the
real difficulties of the nonlinear prob-
lems and I might first mention the dif-
ficulties in the case of point mechan-
ics. For instance, consider the well
known problem of three bodies in as-
tronomy or the more complicated
problem of our planetary system.
There one has of course applied per-
turbation theory, but one has very
soon found that it is extremely diffi-
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cult to know how far such a theory can
work. It is true that the motion of the
planets can be followed rather easily
by perturbational methods for a finite
amount of time, say for a few thou-
sand years. But when time increases,
perturbations may no longer be small.

Resonance effects have been ob-
served owing to commensurabilities
between the orbital frequencies of dif-
ferent planets, and in the course of
time there may be a big effect, so that
in certain cases it finally may be im-
possible to say whether the orbit will
be periodical or whether the planet
will move out of the system. Such
questions can be extremely difficult to
answer.

I might mention a most paradoxical
result of this mathematical analysis—
the theorem of Heinrich Bruns. He
proved that even in an infinitesimaly
close neighborhood of a point where
the perturbation theory converges,
there must always be other points
where the perturbation theory di-
verges. So one can say that the points
where the perturbation theory conver-
ges and those where it diverges form
a dense manifold. This result suggests
that after a very long time one can
never know where the orbit finally will
go. It is only for a finite time that we
can really determine what will happen.

This is not only a mathematical re-
sult interesting for the astronomers:
it may have very important practical
applications. I might just mention a
problem that troubled us about 15
years ago when the CERN proton-syn-
chrotron was constructed. For the big
CERN accelerator it was very impor-
tant to know whether a proton run-
ning around the circle of the accelera-
tor would be stable in the assumed
orbit or not. One could select condi-
tions such that there would be stable
oscillations around the orbit. But
when there is some small perturbing
defect for the orbit in the tube there
may be resonances. The frequency of
rotation of the proton around the ma-
chine and the frequency of oscillations
around the orbit can become commen-
surable, and then there could arise dif-
ficulties similar to those in the astro-
nomical problems.

One would expect the amplitude of
the oscillation to increase if there is
resonance, but then you come into the
region where the problem is not linear
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LAMINAR MOTION will be stable at small Reynolds numbers, but above
certain values there are deviations for which the amplitude increases result-
ing in turbulent motion.

and perturbation theory does not
work. On account of the nonlinearity
the frequency will be changed, and
therefore the resonance will be
stopped. In this way the nonlinear
terms should exert a stabilizing influ-
ence until the motion has passed the
critical region of resonance.

This was the hope. When numeri-
cal calculations were carried out, the
result was that the particle may actu-
ally run around its orbit 10 000
times; that is, the stabilizing effect
seems to work very well. First the
amplitude increases, then the frequen-
cy gets out of resonance, then the am-
plitude decreases again, and so on.
But after 10 000 revolutions the
particle can run out of its orbit just as
well. So you can get this kind of sur-
prise, a final instability after a long
time of apparent stability, in non-
linear problems, and that, I think, is
a very characteristic feature of non-
linear problems. Therefore one might
say, to use a very simple term, that
nonlinear problems have a certain kind
of unpredictability. One doesn't know
how the solutions will behave after a
very long time; I think that this may
be a very general feature of nonlinear
problems.

Statistical methods. What can one
do if it is too difficult to study the sin-
gle orbit, too difficult to get a kind of
survey of all the possible solutions of
such an equation? The way out is to
investigate, not a single solution, but
ensembles of solutions. One can
argue that it may not be necessary to
know every detail of the solution, that
one can be satisfied with an incom-
plete knowledge of the system. In
this case one cannot ask: What will
be the state of the system after a cer-
tain time? Rather one has to ask:
What will be the probable state of
the system after some time? This has
been the line of research in statistical
mechanics. If you follow it, you may
get into the difficult problem whether
an average over the time variable is
equivalent to an average over the en-
semble. I only mention the problem
of the ergodic hypothesis; I cannot go
into any details here.

From this brief review of point me-
chanics we can conclude that we have
four characteristic features that we
will probably find in many nonlinear
problems. First, we can always use
the symmetries to simplify our prob-
lems. The second, linearization of the
problem, is possible around special so-
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lutions that are simple and may be
found just by looking at nature. The
third is that solutions have a kind of
unpredictability—you never know what
the solution will finally do, and it
may not be possible to extend the solu-
tion beyond a certain time. And final-
ly, one possible way out is statistical
methods; we can be interested, not in
special solutions, but in ensembles of
solutions or in systems that we do not
know completely.

Continuous media

But let me now come to those prob-
lems of present interest. They are the
problems with infinitely many degrees
of freedom or problems concerning
continuous media. Such problems, of
course, exist in very great number-
fluid dynamics, gas dynamics, elastici-
ty, electromagnetism—electromagne-
tism is a nonlinear theory if the inter-
actions with the bodies are taken into
account—and finally gravitation.

And let me mention at once a com-
plication which comes up again and
again in this field of physics. Equa-
tions in which the field quantities de-
pend on the continuous variables x, t/,
z and t are almost necessarily incor-
rect for the following reason: At
very small distances one has to take
atomic structure into account. Usual-
ly in hydrodynamics we need not do
it. For example, in the Navier-Stokes
equation we do not speak about mo-
lecular structure of a liquid, we just
introduce a viscosity term. The same
is true for elastic bodies, for problems
of gases, and so on. Still, we have to
remember that at very small distances
something new will happen; some-
thing that is not described by the
equation, and this has to be studied if
the equation does not determine the
course of events within the bigger di-
mensions. It is only in quantum field
theory or in electromagnetism that the
continuum may be a fundamental con-
tinuum. But even there our doubts
arise, and there we come to the gener-
al question of whether quantum theo-
ry is a linear or a nonlinear theory.

Symmetry and linearization. Now
we can try to see whether, in these
many problems of fluid dynamics,
elasticity, etc., one can use the same
methods of simplification that I have
mentioned in point mechanics. First
of all, one will definitely always use

the symmetry properties of the under-
lying system and the conservation
laws. Then, one will use the method
of linearization. How this lineariza-
tion works I might just explain in one
problem that I studied myself some
time ago and in which I was strongly
interested for many years—the stability
of laminar hydrodynamical motion.
At that time one studied mostly in-
compressible fluids, say, the flow of
water, and so started from the Navier-
Stokes equation, which introduces, be-
sides inertia, also the viscosity of the
liquid. The question was whether a
laminar flow is stable or unstable.

One knew from the experiments
that the laminar motions were only
very special solutions of these equa-
tions. The general solutions were
much more complicated; there we
have to do with the big field of turbu-
lent motions that one knows from
daily experience. The laminar mo-
tions are known, one can say, from in-
spection. We see how a liquid can
flow through a tube or between two
parallel plates, and we can easily find
the solutions of the Navier-Stokes
equations corresponding to these
simple laminar motions. They had
been derived long ago and described
in the textbooks. But such a solution
is sometimes not stable. It is well
known that when a liquid flows
through a tube and exceeds a certain
speed, the type of motion changes
completely. Instead of the smooth
flow through the tube, we have all
kinds of vortex motion appearing:
Eddies are formed and dispersed
again, and one can ask why that hap-
pens at a certain speed. This was a
typical problem that could be solved
by the method of linearization.

One could ask for motions in a very
small neighborhood around the lami-
nar motion, and since this latter mo-
tion was stationary, the coefficients in
the linear equations for the perturba-
tion were constant in time. So one
could look for periodical solutions and
then solve an ordinary eigenvalue
equation as in quantum theory. One
could use those mathematical methods
that later proved useful in quantum
theory, namely the investigation of as-
ymptotic solutions, or one could intro-
duce the modern techniques of ap-
plied mathematics including the use of
electronic computers. The result was

that for small Reynolds numbers all
deviations from laminar motion would
die down, but above a certain Reyn-
olds number there are deviations for
which the amplitude increases, and
then one has an entirely different type
of motion, namely turbulent motion,
that cannot be treated by perturbation
theory.

Unpredictability. But let me now
come to really nonlinear problems in
physics such as occur in gas dynamics
and which are especially interesting.
While in linear motion, for instance in
linear wave motions like sound waves,
the velocity is essentially independent
of the amplitude and independent of
the frequency of the waves, the situa-
tion is entirely different for a nonlinear
wave motion. If, for instance, we
have an initial discontinuity, then in
the linear wave equation we would ex-
pect that this initial discontinuity, say
across a surface, will be propagated
with the velocity of sound like any
other wave.

But in a nonlinear motion some-
thing different happens. This discon-
tinuity may either disappear at once or
may be propagated as a shock front-
one or two shock fronts—not with the
speed of sound but with supersonic
speed. And not only that; it may be
that out of a smooth motion in which
there is no discontinuity at the begin-
ning, a discontinuity will be formed
later. I think that this fact corre-
sponds in some way to the other fact
mentioned before that nonlinear equa-
tions always have a tendency to di-
verge, that is, to reach points in time
beyond which one cannot continue the
solution.

One can say in a more mathematical
language that nonlinear equations
often do not admit solutions that can
be continuously extended to any re-
gion where the differential equation
remains regular. So the regularity of
the equation does not guarantee the
regularity of the solution, and you may
after a finite time get to singularities
in the solutions. If such a singularity
occurs, the equation itself cannot de-
termine what happens afterwards. At
least the equation alone is not suffi-
cient since we come to a point where
the behavior of the substance in very
small dimensions becomes important.

In hydrodynamics or gas dynamics
the fundamental equation treats the
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gas or the fluid as a continuum, and
this cannot be correct for very small
distances; here we have to take the
molecular structure into account.
When our solutions become discontin-
uous, the molecular structure must
play a role in the region of discontinu-
ity.

Fortunately, in some cases in gas
dynamics it is sufficient to know that
in the region of discontinuity some ir-
reversible processes must occur. The
irreversibility will necessarily lead to
an increase of entropy, and this result
alone is sometimes sufficient to deter-
mine the course of the shock wave.
This seems to be a rather lucky inci-
dent in gas dynamics. At least in
principle I don't see any reason why it
should be so. Fundamentally, one
could imagine a need to go into the
microscopic details and study the be-
havior of the atoms in order to say
what happens. But, as I said before,
sometimes one can be lucky and things
go better than might be expected.

But even when we come to prob-
lems in which the atomic structure
plays no role—problems that are con-
tinuous by their very nature—even
then we may be confronted with the
fact that solutions cannot be continued
over a certain time, that solutions can
disappear into nothing or arise from
nothing. I would like to mention one
example that has worried me for some
time in quantum field theory. Let us
compare a linear relativistic wave
equation, namely the well known
Dirac equation, with another equation
that comes from the Dirac equation
if one replaces the mass term of the
Dirac equation by a nonlinear term.
These two equations are

= 0 (2)

In a linear equation like equation 1 we
know that when the solution has been
zero everywhere for some time, it will
never become different from zero.

It is of course true that solutions of
the corresponding inhomogeneous
equation can have a different be-
havior; we can construct the Green's
function to this wave equation. Such
a Green's function could then be either
a retarded or an advanced Green's

function and may be different from
zero only in the future or only in the
past. But for the homogeneous equa-
tion 1 the only solution that is zero for
finite space-like distances and differ-
ent from zero in the future or in the
past is a solution given by the commu-
tator in the quantum field theory; it
is identical with the difference be-
tween the retarded and the advanced
Green's function. In a certain sense
this function can be called a relativisti-
cally invariant solution of the homoge-
neous equation 1.

For equation 2, however, you have
both types of solutions; that is, you
can have solutions that are zero for
spacelike distances and are different
from zero for the past and the future,
but you also can have solutions for the
same equation that start, so to speak,
from nothing. The wave function
may be zero for the past and all of a
sudden start to become nonzero at the
singular point and develop like the re-
tarded Green's function in spite of the
fact that there is no inhomogeneous
term involved here. This emphasizes
very strongly the strange behavior of
nonlinear equations. There may al-
ways be situations in which solutions
of a nonlinear equation cannot be con-
tinued into the future or into the past.
By the way, this problem plays an im-
portant role in the discussion of the

IN NONLINEAR MOTION
a discontinuity may be prop-
agated as a shock front, or
one or two shock fronts, and
not with the speed of sound
but with supersonic speed.

later question whether quantum theo-
ry is linear or nonlinear.

Statistical methods. Finally, we
can treat nonlinear problems in hydro-
dynamics and gas dynamics with sta-
tistical methods as we do in point me-
chanics. As I said before, it usually is
not possible to follow the complete set
of solutions of a nonlinear equation.
Therefore, it may be convenient to
study ensembles of solutions, that is,
the statistical behavior of fluids. The
general principle of such a statistical
approach is that one is satisfied with
incomplete knowledge and incomplete
description of the system; starting
from this point one studies the proba-
ble development. For instance in the
theory of turbulence, one can start
with only the knowledge of the gener-
al distribution of the eddies. One
knows only the spectrum of the mo-
tion, the intensity distribution of the
different frequencies, without know-
ing the phase relations between these
different amplitudes. In this case one
can only ask what is the probable de-
velopment of this liquid in the course
of time.

Again at this point one gets into
difficulties at very small instances, and
in a certain sense we meet what in
quantum theory we call the "ultra-
violet catastrophe," because physically
what happens is this: We have a tur-
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bulent motion, say in water, after we
have produced by external motions
some big eddies. These big eddies de-
velop into smaller ones; so more and
more smaller eddies are formed that
get the energy. Finally the energy is
dissipated into the infinitely many de-
grees of freedom that belong to the
extremely small eddies. This process
would go on to infinity if one did not
introduce viscosity.

The concept of viscosity is, in this
case, a nice way of getting around the
fact that we get into the molecular re-
gion. Actually the energy is finally
dissipated into thermal motion of the
molecules, and this dissipation of ener-
gy into the motions of molecules can
formally be replaced by including vis-
cosity. But there may also be prob-
lems that can not be answered by the
simple Navier-Stokes equation.

Generally I believe that in the prob-
lems of continuous media you will no-
tice these four characteristic features
already mentioned in connection with
point mechanics. You will frequently
use two essential simplifications, sym-
metries of the problem and lineariza-
tion, which in many cases give a first
insight into the problem. Then you
will find the singularities, which result
in the unpredictability of nonlinear so-
lutions and frequently prohibit contin-
uation of solutions beyond a certain
point in time at which the singularity
occurs. And finally, you will use sta-
tistical methods to get information not
about a single system but about en-
sembles of systems, and thereby you
will be able to predict either the prob-
ability for certain events or the proba-
ble course of events.

Quantum theory: linear or nonlinear?
Is quantum theory a linear or a non-
linear theory? There is no doubt that
quantum mechanics in its conventional
form is a linear theory. It is linear in
the sense that although the operator
equations are nonlinear, they can be
fulfilled by solving Schrodinger equa-
tions, that is, by looking for certain
transformation matrices, and these
Schrodinger equations are definitely
linear equations.

Linearity in quantum theory has a
very deep, almost philosophical reason
and is not just connected with some
approximation. In quantum theory
we do not deal with facts but with pos-

TURBULENCE in the wake of a propeller made visible by streams of smoke
injected into the backwash of the propeller. Instead of smooth flow we
have all kinds of vortex motion appearing.

sibilities: The square of the wave
function describes the probability, and
the superposition of wave functions,
the possibility of adding two solutions
to get a new solution, is absolutely
essential for the whole foundation of
quantum theory. Therefore it defi-
nitely would be wrong to say that the
linear character of quantum theory is
approximate in the same sense as the
linearity of Maxwell's equations is ap-
proximate. The linearity of the quan-
tum-mechanical equations is essential
for the understanding of quantum
theory and for the interpretation of
quantum theory as a statistical basis
for calculating what happens to the
atoms.

This fact raises interesting mathe-
matical problems on which I shall just
touch. Let us, for instance, calculate
solutions of the three-body problem,
say, the helium atom, by means of
quantum mechanics. We know that
we get the complete system of all solu-

tions by solving the linear Schrodinger
equation in the coordinate space of
the three bodies in the helium atom.
So one could say that in quantum me-
chanics we have really solved the
three-body problem that never has
been solved in classical mechanics
completely; and that seems somewhat
strange, because in the limit h-*0 the
quantum-mechanical solutions must, if
prepared in a certain way, go over into
the classical solutions. Therefore, it
seems as if we could replace the solu-
tion of a nonlinear problem in classical
theory by solving linear problems in
quantum theory and then going to the
limit h-*0.

Let me discuss the connection be-
tween the two theories a little further.
The limiting process would require
that we start our solution with a wave
packet in coordinate space. We
would put the two electrons around
the nucleus at some approximate posi-
tions, moving with an approximate ve-
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locity so that the uncertainty relations
are fulfilled, and of course these wave
packets can be made smaller and smal-
ler when we let the quantity h tend to
zero, but for any finite value of h we
would have finite wave packets. It is
quite clear that the wave packet after
a long time will disperse. It will be-
come bigger and less dense and finally
it will be spread out over the whole
system. So we should always com-
pare with this wave packet not a sin-
gle solution of the classical problem,
but instead an ensemble of solutions,
in particular an ensemble belonging
to the same set of uncertain initial
conditions.

It is just the nonlinear character of
the classical equations that makes the
deviations between two neighboring
solutions become bigger and bigger
when time increases. In the classical
theory, when we start with an ensem-
ble of solutions belonging to a wave-
packet-like distribution of initial con-
ditions, after some time this wave
packet will also spread out over large
parts of coordinate space. So one can
see that if we first let h and the size of
the wave packet tend to zero, and
then go to larger times, we do get a
complete representation of the classi-
cal theory from quantum theory. If,
however, we reverse the limiting proc-
esses, if we first go to infinite times
and then let h tend to zero, the situa-
tion is quite different because then the
wave packet has become infinitely big
in every case.

In spite of this relation between
quantum theory and the nonlinear
classical theory, quantum mechanics is
definitely a linear theory.

But is this still true when we come
to the theory of elementary particles,
a theory that does not start from given
elementary particles but which tries to
understand and to derive them? In
our institute we are interested in an
attempt called the nonlinear spinor
theory. But I wish to emphasize that
this term "nonlinear" does not neces-
sarily mean nonlinear in the sense I
have been using the word, for the fol-
lowing reason: We start from an op-
erator equation which looks more or
less like equation 2, and therefore we
can call it a nonlinear equation. But
the operator equations in quantum
theory always are nonlinear equations
and the question is whether the solu-

tion of these operator equations cor-
responds to a series of linear equations
or nonlinear equations.

Generally we have learned that in
quantum mechanics we can replace
the nonlinear operator equation by a
differential equation (Schrodinger
equation) or a system of equations
that are linear. In the same sense one
could presume also that a nonlinear
equation such as equation 2 can be re-
placed by a Schrodinger equation that
in this case would be not a linear dif-
ferential or integral equation but actu-
ally a linear functional equation. Al-
ternatively, one could replace it by a
system of infinitely many differential
equations with infinitely many un-
knowns, and all these differential
equations would be linear. This
would be true if such a theory could
be quantized along the ordinary rules
of quantum theory. In this case we
would have between yp(x) and (xf)
commutation relations that are essen-
tially given by a delta function in
space at the time t — f — 0.

But this is still a controversial prob-
lem. From our present knowledge we
can be rather certain that the commu-
tator of such an equation does not look
like such a delta function. Such a
conventional commutator has a strong
singularity, and this strong singularity
just allows one to reduce a nonlinear
problem of the operators to the linear
problem of the Schrodinger equation.
In field theory, however, we can take
it for granted that in the center of the
commutator we have no delta function
because if we had a delta function, an
equation like equation 2 would have
no meaning. Therefore the singular-
ity of the two-point function or the
commutator at the origin is the real
problem in any nonlinear field-opera-
tor equation like equation 2, and so we
have to ask whether this problem can
be treated with the help of delta func-
tions in a similar way as in quantum
mechanics.

If one formulates the equations for
the commutator or the two-point func-
tion itself, these equations are ex-
tremely complicated nonlinear integral
equations. If it should be necessary
to solve these equations, the problem
definitely would be a nonlinear prob-
lem, and at the very basis of quantum
theory we would again come to nonlin-
ear mathematics. The trouble is we

do not know whether we really have to
solve these equations.

It may be that the following proce-
dure will be sufficient: We just guess
approximate solutions for such a com-
mutator and then put the chosen solu-
tions into approximation schemes of
the Tamm-Dancoff type; then of
course in every finite approximation
the result will depend upon whether
we have taken a good or poor approxi-
mation of the two-point function.
There are, however, examples which
tend to show that in extremely high
approximations the errors that we
make by not having chosen the correct
2-point function, become less and less
important, and it may be that even if
we start with an incorrect commuta-
tor, at the end we get the right results
in infinitely high approximation.
Such at least is the situation for sim-
pler problems in quantum mechanics
that have been studied by Harald
Stumpf and others.

Therefore it may be that again the
actual treatment of nonlinear equa-
tions can be replaced by the study of
infinite processes concerning systems
of linear differential equations with an
arbitrary number of variables, and the
solution of the nonlinear equation can
be obtained by a limiting process from
the solutions of linear equations. This
situation resembles the other one I
mentioned where by an infinite proc-
ess one can approach the nonlinear
three-body problem in classical me-
chanics from the Linear three-body
problem of quantum mechanics.

Nonlinear progress

The present conclusion is that we do
not know whether ultimately the fun-
damental problem in the quantum
theory of elementary particles will be
a nonlinear problem or a linear prob-
lem.

Finally I wish to emphasize again
that the progress of physics certainly
will depend to a large extent on the
progress of nonlinear mathematics, of
methods of solving nonlinear equa-
tions. It may still be that every such
problem is individual and requires in-
dividual methods. Yet, as I have said,
there are definitely some common fea-
tures and therefore one can learn by
comparing different nonlinear prob-
lems, a
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